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ABSTRACT In this note we examine the solution and the impulsive
behavior of autonomous linear multivariable systems whose
pseudo-state (3 (t) obeys a linear matrix differential equation

A(p) B (t) = 0 where A (p) is a polynomial matrix in the differential
operator p := % . We thus generalize to the general polynomial matrix
case some results obtained in [2][3] which regard the impulsive
behavior of the generalized state vector x (t) of input free generalized
state space systems.

1. INTRODUCTION

Consider a free system whose dynamics are described by the linear homoge-
nous matrix differential equation

Alp)BH)=0 t>0 (1.1)

where
A(p) = Agp" + Agap™ '+ ..+ Aip+ Ag e R[] (1.2)

is a polynomial matrix in p = % A, e R0 =0,1,2,...,¢g >0
rankg(pA(p) = rand 3 (t) : [0,00) — R" is what is known as the pseudo-state
of the system.

In this note we firstly review the fact that if A(s)”' is a non-proper

rational matrix then depending on the choice of the initial values (3 (0—),
Y (0-),..., 89V (0-), (where 8 (t) := %Et)) the solution [ (t) of (1.1)
might exhibit an “empulsive behavior’ at t = 0 which consists of a combination
of the Dirac impulse ¢ (¢) and its (¢, — 1)-th order distributional derivatives
(where g, is the maximum order of the zero at s = 0o of A(s), see below).
Due to the fact that A (s)" is a non-proper rational matrix if and only if A (s)
has zeros at s = oo, the impulsive behavior of 3 (t) at ¢ = 0 for appropriate
initial values can be seen as being associated to the zero structure at s = oo
of A(s), i.e. due to the fact that the natural modes of (1.1), defined as values
of s where A (s) loses rank, include also the point at s = co. Based on these
facts and assuming that A (s) has zeros at s = oo we then characterize the
set of initial values A (0—),i =0,1,2,...,g — 1 that are such so that ((¢)
has no impulsive behavior at ¢ = 0. Furthermore we characterize the set of
initial values that are such that not only 3 (t) but also its derivatives 5% (t)
up to a certain order ¢ = 1,2,...,7 < ¢ — 1 are continuous at £ = 0 so that
BD(0—) = pD(0+), i =0,1,2,... ¢ — 1. We then examine conditions that
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A (s)~" has to satisfy so that 3 (¢) has not impulsive behavior at t = 0 for every
set of initial values 39 (0—), i = 0,1,2,...,¢ — 1. A necessary and sufficient
condition for the continuity of 3 (t) at ¢ = 0 and for every set of initial values
i (0—),i=0,1,2,...,g—1 in terms of coefficient in the Laurent expansion of
A(s)"" at s = oo is given in Proposition 1. This result is then generalized by
giving necessary and sufficient conditions for the continuity of 5 (t) and of all
its derivatives % (t) up to order j < ¢ — 1 and for every set of initial values
at t = 0—: 89(0—), i =0,1,2,...,q — 1. The results about the continuity
of B(t) and its derivatives at ¢ = 0 preseneted here, are comparable to those
in [6][7] where the notions of consistency and weak constintency have been
introduced.

We thus generalize to the general polynomial matrix case some results
obtained in [2][3] regarding the response and the impulsive behavior of the
generalized state vector x (t) : (0—,00) — R of input free generalized state
space systems i.e. linear systems whose state vector x (t) is governed by the
generalized state space equation

Ex(t)=Az(t) t>0 (1.3)

where £ € R™" A € R™" and rankgr F < n and which are associated with
finite and infinite zero structure of the matriz pencil sE — A.

2. BACKGROUND

In this section we review a number of results required in the sequel. This
background comes mainly from [1]. In the following R denotes the field of
reals, R [s] the ring of polynomials, R (s) the field of rational functions and
R, (s) the ring of proper rational functions all in the indeterminate s and with
coefficients in R. If k£ is a set then £P*™ denotes the set of p x m matrices with
elements in k. If T'(s) € R (s)"*™, da (T (s)) denotes the McMillan degree of
the T'(s) i.e., its total number of poles (finite and at s = oo and multiplicities
accounted for).

Consider a polynomial matrix

A(s) = Ags?+ Ay 18T+ ...+ Age RI[s|™ (2.1)

where A; € R™" i =0,1,...,q, Ay # 0 with rankgA(s) = r,q > land let

r—u
v —>
SOO _d q1 q2 qk [ 1 1 22
A(s) = lag |87, 8, -, STy, =y, = ()
Sdv+1 sdr

k

be the Smith-McMillan form of A(s) at s = oo [1] where 0 < k£ < v < r, and
=20 2g>0=qga=""=q¢, ¢ = G = = fyr1 > 0 are
respectively the orders of the poles and the zeros at s = oo of A(s). Then the
following facts hold true:

Fact 1.[1]

@1 =dq (2-3)



Fact 2. The Laurent series expansion at s = oo of the rational matrix
A(s)™t € R(s5)"" has the form [1]

A(s) V= Ho s + Ho s oo Hys+ Ho+ Hoys™ '+ Hogs 2 4

= Hpoi(s) + Hyp(s) (2.4)

where Hyy(s) = Hz s+ Ho _ s 4o 4 His+ Hy € R[s]”"  H, € R, i =
0,1,...,G, Hy #0and Hy(s) = H_1s'+H_y5 2+ -- € Ry, (s)""" is strictly
proper. From the fact that A(s)"'A(s) = I, it is obvious that the terms H;
in (2.4) satisfy the following identities

Hi Ay +Hi—g 1Ay + ...+ HiA, (2.5)

- Aquifql -+ Aq1*1Hi*111+1 + ...+ Ang = 5z[7“ ,VZ (26)

where 6; = 0 for i # 0 and 6o = 1 (terms H;, with i > §, are zero).
If we consider the matrix pair [I,., A(s)] which is trivially right coprime

then from the polynomial matrix (right) division of I, by A(s) [4] there exist
Q(s), R(s) € R[s]"”™" such that

I = Q(s)A(s) + R(s) (2.7)

or

A(s)™ = Q(s) + R(s)A(s) ™" = Hpo(s) + Hgp(s) (2.8)
where H,y(s) := Q(s) and Hgy(s) := R(s)A(s)™* . Eq. (2.7) can be written

L | | I, Q) R(s)
l A(s) 1 - l 0,0 I, ] [ A(s) (29)
which implies that the pair [R(s), A(s)] is also right coprime and thus we have

Fact 3. ) (Hp(s)) = deg|A(s)| =: n.
Fact 4. The Smith-McMillan form of H,,(s) at s = oo has the form [1]

d

——= = 1 1
(e'e] _ . qr qr— .. qu e
SHpol(s) = diag | %, sT 7 ST Ty (), AR 0r—or—0 (2.10)

T—0

where 1 < (r —v) < d < 0 = rankr Hpoi(s) and ¢ > Go—1 > -+ 2> qay1 > 0
are the orders of the zeros at s = 0o of Hp,(s) i.e. the pole structure at s = oo
of A(s)™' (which is the zero structure at s = oo of A(s)) coincides with the
pole structure at s = oo of its polynomial part H,u(s).

Finally let Cy, € R™* Jo € R*¥* B, € R**" be an irreducible at
s = 0o [2][3] generalized state space realization of Hyy(s) i.e. let L H,y (1) =

Coo (W1, — JOO)_1 B, so that with i =5:

Hyoi(5) = Coo (I, — 8J) " Boo (2.11)



B ()] = X @+0+l-6-v)  212)

1
p="0m {
w w i1

Joo = block diag [0g—(r—u)a—(r—v): Jocvs1, Jovs2, - - - Jocr| € R4 (2.13)

010 - 0]
001 -0
Jei= |1 ¢ o0 o eR@EI)@R) oy (214)
0 00 1
(000 - 0]
and
Ceo
Coodoo
rankg _ =rankr | Boo JowBoo --- JE' | =u (2.15)
Coo It

Let also C' € R™", J € R™" B € R™" be a minimal state space realization
of Hyy(s) with J in Jordan normal form i.e. let

Hy(s)=C(sI,—J)"'B (2.16)
Then from (2.4)(2.11) and (2.16) we have
Fact 5.
Hi=CyJ. Bsy i=0,1,2,...,G (2.17)
H,=CJ'B i=12,... (2.18)

3. SOLUTION OF LINEAR HOMOGENEOUS MATRIX DIFFERENTIAL
EQUATIONS AND IMPULSIVE BEHAVIOR OF THEIR SOLUTION AT t =0

Consider the homogeneous matrix differential equation in (1.1)(1.2). In
this section we examine the solution of (1.1) for every possible value of [ (t)
and its derivatives at ¢ = 0— using the Laplace transform method. Let
B (0-), 8% (0-),...,3% Y (0—) be the initial values of the pseudo-state /3 (t)
and its derivatives up to order ¢ — 1 at t = 0 — . As it will be seen in the se-
quel by allowing [ (t) and its derivatives B (t),i=1,2,... to have arbitrary
values at ¢ = 0— we do not guarantee that (3 (¢) is continuous at t = 0 i.e. we
might have that 3@ (0—) # 3% (0+),i=0,1,2, ...

Considering the L_ Laplace transform 3 (s) of 3(t) : B(s) == L_3(t) =
Jo2 B (t) e *'dt and taking the L_ Laplace transform of (1.1) we obtain

~

L A{A(p)B )} = A(s)B(s) —a(s) =0 (3.1)
where A (s) = Ay st + Ay 157 1+ ...+ A € R[s]”" and

a(s) = p%fistm*?n,“.,sn,Lj
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[ 4, O o o ][ B0O-) ]
Ag—1 Ag 0 0 59 (0-)
X : : " : : : R[S]Ml (3.2)
Ay A ... A, O B2 (0-)
A Ay Ag Ay | | Y (0-)

is the initial condition vector associated with the initial values 5 (0—), 3% (0—=),..., 59"V (0-).
From (3.1) we obtain

B(s)=A(s) "a(s) e R(s)™ (3.3)

i.e. the L_ Laplace transform 3 (s) of B(t) will be in general a possibly non-
proper rational vector. Going back to (3.3) and using (2.4) and (3.2) for g, > ¢
(and with appropriate changes for g, < ¢;) we obtain

~

-~ ~ 1
B(s) = {Hqgs‘” + Hy %'+ ...+ Hys+ Ho + H,lg + ...l a(s)

_ HET i
-1
~ ~ 1 :
= s, s ']. ...sl. 1., —1I,., ... : a
{S ryS T Slp, Ly, s ) HO a(s)
H_,
o -1 . _ 1 1
= |srta-ty grta=2p s I =1, =1, ...
7 Y s 82
[ ng 0 0 0 1
HqAT_1 ng 0 0
H%(qll) Za(cnz) Z&?l HHET
w—a ar—(q1—1) qr—2 ar—1 A 0 0
q
qu—(q1+1) qu—q1 H@—S H?;\T—Q Aqlil Aq1 0
X : : .
Ho(q-2) H_(g,-3) Hy , Ay Az Ag
H_g—1)  H_(g-2 H.,  Ho
H_g H—(th—l) H_, H_,
H_(g,41) H_g H.3 H
Tq1
B(0-)
59 (0-)
X .
ﬁ(th*l.) (O )



_ [Sqr—&-zn—l]m girta=2p

A‘h
AQl—l
X .
Ay
1 1
+ |:S]7’7 2 ]’I’
AQI
Alh—l
X .
Ay

qr
H‘/J\’r'_l Ha\r
o8l 1L
G g1y Hg—(gi-2)
L H—(fh—l) H—(fh—?)
0 0 B (0-)
Aq1 0 ﬁ(l) (O_)
A2 Aq1 5((]1_1) (0_)
H_g, H_(g-1) H_,
. ] H*(thrl) H—th H—2
0 ... 0 B(0-)
Ay ... 0 Y (0-)
Ay o Ay | B9V (0-)

= Brot (5) + By ()

(3.4)

where 3, (s) € R[s]"*" is the polynomial part and @Sp () € Ry (5)" is the

strictly proper part of /3 (s).

Now from (2.5) we obtain the relation

H- 0 0
H- H 0
H oy Hogny - G A, 0
B B - Ay A
H &\T*(Il Hzl\rf(QIfl) g?]\rl q? :ql
‘Ir—'(qr"‘l) QT'_‘Il ‘1;”—2 Al AQ
Ho(g-2)  H-(g-3 H,
L Hog-y Ho@q-2) Hy



[ 0 0 0
0 0 0
0 0 . 0
— — — — Ay A .0 Ay
1) H/q\r 0 0 0 Ay ... Ay
= H-_, H- 0 ) . :
: 0 0 Ao
a1 Mo (-2 H3,
H, Hs oo Hyp
L H, H, H, |
so that from (3.4) we have
B () = [T s SO s L s
Tq1 ,«{1}
[ 0 0 0
0 0 0
0 0 .. 0
—_ — — - AU Al .« o Aq1_1
o 0 0 0 Ay ... Ao
H. H 0 L :
: : 0 0 Ao
ar—(q1—-1) o—(q1-2) HqAr
Hy Hs Hy 1
L Hl H2 qu i
B(0-)
sY (0-)
>< .
ﬁ(qu.) (O )
H 0 0 ]
H@—l Hfz\r 0
- : : - :
= — [Sq Ir...7SIT,]/,« H&;*(Ql*l) H:]\'rf((h72) H?]\r
H, Hy ... Hyu
L H, H, H, |




0 A Ay M (0—
x| o 0° n & ) (3.6)
0 0 A B (0-)
so that ~ R R
Brpo (8) = ﬁ@—lsqr_l + ﬁ@—25qr_2 +...+ 015+ By (3.7)

where 8, € R i = 0,1,...,¢- — 1, g > 1 are obtained from the last
expression in (3.6).
Taking the inverse Laplace transform of (3.3) we have

B(t) =L (o)} = LT {A(s) " a(s)} = L2 {Bui (o)} + L2 {B,, (s)]

(3.8)
so that from (3.7) (3.8)
Lt {Bpol (s)} =Lt {50 +0s+... + ﬁa_ls‘?’“_l}
— 806 () + 8,80 (8) + ... + Bz 50V (1) (3.9)

it follows that if A(s) has at least one zero at s = oo, i.e. if ¢ > 1 and
(as we will see in section 4) depending on the choice of the initial values
B(0-), Y (0=),..., 9 Y (0-), the solution §(t) of (1.1) might exhibit
an ‘impulsive behavior’ at ¢ = 0 which consists of combinations of the Dirac
impulse ¢ (t) and its (G- — 1)-th order distributional derivatives as in (3.9)
which is associated with the zeros at s = 0o of A (s), i.e. due to the fact that
in such a case, the natural modes of (1.1), defined as values of s where A (s)
loses rank, include also the point at s = oo.

What exactly is meant by the phrase in the previous paragraph ‘depending on
the choice of the initial values 3 (0—), % (0—), ..., 3~V (0—)” and how and
exactly why such a choice of the initial values might give rise to an impulsive
behavior in 3 (t) at t = 0 is fully explained in Remark 2 in Section 4 bellow.

If A(s) has no zeros at s = oo then the Smith-McMillan form of A(s) is
polynomial i.e. in this case

Sﬁs):dzag Sglas(pa"'vsqka-[r—k ER[S]TXT7 Q1ZQ2ZZ%>O

k

(3.10)
which implies that

1 1 1
1= diag | I_j, —

s’ gtr—1’ "7 gm

SOO

s €ER, (5)7" = A(s) " € R, (s)

(3.11)

so that the Laurent expansion at s = co of A (s)”" will have the form:

_ 1 1
A(S) 1:H0+H,1E+H,2872+... (312)
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and thus (2.5) gives

i (@+D)r i
H, 0 0 0 0
H_, Hy, ... 0 0
H., Hy .. 0 0 |[ A, ]
: : Atn—l
H,ql H,(qlfl) H,l HO = 0 (313)
- - - = - Ay I,
H_ 441y H-y Ho Hoa| | 4 | —
H_(g4+2) H_(g41) H_y H_, 0
: L 0]
Then (3.3) gives
~ r 1
B(S): H0+H_1*+H_2*2+ } [Sql_ll ...,SIT,[}
L S S
[ A, 0 0 5(0-)
Afh—l Aq1 0 6(1) (0_)
X . .
A Ay Ag 1| B9 (0-)
[ H, 0 0
H_, H, 0
ar ; ; PR
= |s" 7,812, s | 1JT,%JT... Hetwon) Hooyy - Mo
S S - - - -
H*fh H—(ql—l) H_,
H—(ql+1) H—th H_
Ay 0 ... 0 B(0-)
Ag1 A, ... 0 M (0—
w | THTh e b ( ) (3.14)
Ay Ay o Ay ]| peY 0o
but from (3.13)
H,y 0 0 A, 0 0
H_, Hy 0 || Ag_1 Ay 0
: . = OQ17“><Q17"
H_(g—1) H_(g-2 Hy A A Ag




and so from (3.14)

R 1 1 H_g H_(g,-1) H_y
B(s) = l:Im 51 } H g+ Heg H_o
S .
A, 0 0 5(0-)
Ago1 Ay 0 5Y (0-) rx
o : =: B, (s) €Rpr () (3.15)
Al Ay o Ay ]| B9V (0-)

is strictly proper for every set of initial values 8 (0—), AW (0-),...3 " (0-).
Conversely if /Bpol (s) = 0 for every set of initial values 5 (0—), ﬁ(l) (0-),..

B=1 (0—) then from (3.6) it follows that we must have that

*

o H 0 0 ]
H-~ H- e 0
n N Ay Ay ... Ay
’ ’ ) ’ 0 AO R Aq172
r—(q1—1) H;J\r—((h—Q) T HEr = Oaﬂ qir
: ' 0 0 ... A
Hy Hj Hy
L Hy Hy |
(3.16)
Now (3.16) implies
Hy[ Ao Ar oo Ay | =004, (3.17)
but from (2.5) for i =g, + ¢
H: Ay =0 (3.18)
Combining (3.17) and (3.18) gives
H [ Ay Ay ... Ay Ay } = Orgr(r11)
which, since rankgrA(s) = r = rank:R[ Ay Ay o0 Ay Ay } =,
(see Exercise 4.10 in [1]) implies that H; = 0. Putting H> = 0 into (3.16) and
using similar arguments it can be shown successively that H; |, =... = H; =

0,1i.e. that A(s)~" € R, [s]™". In view of the above, the absence of impulsive
behavior from [ (t) at t = 0 for every set of initial values is characterized by
the absence from A (s) of zeros at s = co. These facts can be stated as

Theorem 1. Consider the linear homogeneous matrix differential equation

Ap)B(t) =0 >0

where A(p) € Rp|"™", rankg,)A(p) = r. Then 3 (t) : (0—,00) — R" does
not contain impulses at t = 0 for every set of initial values

3(0-),8% (0-),...,3'27Y (0-), if and only if the following equivalent con-
ditions hold true:
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e () F(s)=A(s) " a(s) e R<! (s) is strictly proper.

i (11) Bpol (S> =0
e (iii) A (s) has no zeros at s = 0o

e (iv) A(s)”" has no poles at s = 0o <= A(s)"' € Ry, [s]"".

Remark 1. Notice that ‘absence of impulsive behavior from 3 (t) att = 0 for
every set of initial values does not necessarily imply continuity of 5 (t) at t = 0,
i.e. we might have 3 (0—) # [ (0+) (see also [5]). A necessary and sufficient
condition for the continuity of (3 (t) and its derivatives up to order q¢; — 1 at
t = 0 for every set of initial values 3 (0—),3% (0—),..., 32"V (0-) is given
in Proposition 1 in the following section.

4. A CLOSED FORMULA FOR THE SOLUTION OF THE HOMOGENOUS
MATRIX DIFFERENTIAL EQUATION A (p) 3 (t) = 0. CONDITIONS FOR
THE CONTINUITY OF THE SOLUTION.

From (3.6) and (2.17) and after some algebra (see [1]) we obtain

Brot (8) = Coo (5700 — 1) ™" ity (0-) (4.1)
where
Ao Ay ... Ay
27 (0-) == [ B JuBso Ju ] O A"j2
0 0 AO
0
X : € ! (4.2)
50D (0-)
also from the second part of (3.4) and (2.18) after some algebra we obtain that
Bap(s) = C (shy = J) " 2, (0-) (43)
where
A, 0 0
7, (0-):=[ Jo-'B Jn-2B B | Aot Af“ X
Ay Ay A,
0
: c R (4.4)
§0 0-)



Combining (4.1)(4.3) with (3.4) we finally obtain

~ o~ o~

B(s) =By (5) + Bpor ()

“[c Coo}lSISM;J o ]Mlll s 0 ] (4.5)

Definition 1. [1]/The vector

q—1 q1—2
Jooxf (O_) O,u,n Joo Ou wn | BomJooBoo; ,Jgé_l
A, 0 ... 0 ]
Ay 1 Ay .. 0
: Do ﬁ)(o—)
A Ay A B (0-) (X1
% 1 e RHmx 4.6
Ay A .. Ay : (4.6)
0 Ao ... Ay 6(!11—1) (0—)
0 0 ... A |

is defined as the state at t = 0— of the homogeneous matrix differential
equation A (p) 5 (t) =0, ¢ > 0. z, (0—) is the slow state at t = 0— and z (0—)
is the fast state at t = 0—

Taking the inverse Laplace transform of (4.5) we have

B(t)=L12"{B(s)}

— O, (0-) — O |6 (1) Joo + 6 (D JZ + ... 4 5 ()@Y J;?g] 2 (0-)

So that '
ﬁ(’) (t) = CJetx, (0—)

—C (50D T+ 60 2 445 1)) Jgg] w(0-) i=01,2,...

Since 6 (t) = 0 V t # 0 equations (4.7) for t = 0+, give: -
BY(04+) =CJz, (0-) i=0,1,2,... (4.8)
Writing (4.8) for i = 0,1,...,¢ — 1 in matrix form we get
61 (0+) C
g FOJF) = C:J zs (0—) (4.9)
D (0+) gt
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Substituting z; (0—) from (4.4) into (4.9) we obtain that in general the relation
between % (0+) and 8 (0—) for i = 0,1,2,...¢ — 1 is given by

3(0+)
B (0+)

5(q1—1') (0+)

C Ag 0 0
— QJ [Jql—lB Jo-2p . B} Aq_l_l Af“ !
cJn-t A Ay Ag
B(0-) ]
5% (0-)
X .
5((11—1.) (0—)
cjo-'B CJje2B ... CB 1] A, 0 ... 0
cjrp  CJnlp .. CJB Ap1 Ay ... 0
cJa-lp CJ*a=3pB ... OJql_lB_ Al Ay L. Aql
5 (0-)
g% (0-)
X .
5(‘11_1.) (0-)
H_g H_ -1y ... H i ][ Ay 0o ... 0
B H_4 41 H_, .. H_, Aj1 Ay o0 0
H*(qu*l) H7(2q172) .« .. qul L A]_ A2 “ .. A(Jl
0,
0—
b ( ) (4.10)
ﬁ(ql—l') (0-)

where we made use of eq. (2.18).

Equation (4.10) indicates that if A (s) has zeros at s = 0o and the initial
values BV (0—),i = 0,1,2,...,¢1 — 1 are chosen arbitrarily then in general
BD (04) #£ D (0=) fori =0,1,2,...,q—1i.c. there will be a discontinuity in
G (t) and its derivatives B9 (t),i=1,2,....,¢1—1 at t = 0. These discontinuities
will be described by the given 5 (0—) and the 3% (04),i=0,1,2,...,¢1 —1
which are obtained from (4.10). If we demand that 5 (¢) and its derivatives
B (t), 1 = 1,2,...,q; — 1 are all continuous at ¢ = 0 so that W (0—-) =

13



5@ (O+)? i=0,1,2,... ¢ — 1 then from (4.10) we see that the given initial
values 3% (0—),i=0,1,...,¢1 — 1 can not be completely arbitrary but must
satisfy the relation

B(0-)
5 (0-)
ﬁ(ql—l.) (0-)

H_, H_g-1y ... H, A, 0O ... 0 B (0-)
H—(Q1+1) H—Q1 oo Ho Ath—l Ath st 0 ﬁ(l) (0_>
H7(2q171) H,(qu,Q) H—q1 Al A2 Aq1 ﬁ(qlfl) (0—)

A (4.11)
or equivalently for (§(t) and its derivatives B (t),i=1,2,...,q1 — 1 to be
continuous at ¢ = 0 the given initial values at t = —0 : g9 (0—) , i =
0,1,2,...,¢q1 — 1 must satisfy

B(0-)
8% (0-)
ﬁ(tn—l.) (0-)
H_g H_(g,-1) H_, Ag 0 0
€ ker [qu _ H*(f11+1) qu1 HTZ Aq171 AQI 0
(4.12)
or equivalently using (2.5)
B (0-) Hy Hy - Hy Ay Ay - Ay
@) (0— : . . :
3 ( ) crer | Ho Ho . 0
: : H, : . A Ay
5((11—1) (O_) H_q1+1 s H_1 Ho 0 tee 0 AO
(4.13)

Remark 2. Notice that if A (s) has at least one zero at s = oo i.e. if g, > 1
then this implies that rankgA, < r[l]. In such a case if the initial values
att = 0— : 8@ (0—),i =0,1,2,...,q; — 1 are chosen so that (4.13) is not
satisfied i.e. if 9 (0—) # 89 (0+),7=0,1,2,...,q.—1 then steps that result
from the components of 3 (t) falling from their initial values in  (0—) to the
values described by (3 (0+) in (4.10) for t > 0 are differentiated in accordance
with the differential equation A (p) 3 (t) = 0 giving rise to impulsive behavior
in (3 (t) at t = 0 according to eq. (3.9). If on the other hand the initial values
B9 (0—) are chosen so that (4.13) is satisfied (equivalently condition (4.9) is
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satisfied with 8% (0+) = i (0—),i=10,1,2,...,q. — 1) i.e. if we demand
that (3 (t) and its derivatives 69 (t), i =1,2,...,¢q — 1 are continuous at t = 0
then the ‘fast state’ at t = 0— : x4 (0—) = 0 (see Proposition 3 bellow) and
from (4.1) Bpol (s) = 0, so that there will be no impulsive behavior in (3 (t) at

t = 0. In this case condition (4.13) imposes certain restrictions on the choice
of B9 (0=),i=0,1,2,...,q: — 1.

Remark 3. Notice that if A(s) is monic i.e. rankrA, = r, then A(s) will
be both row and column reduced at s = oo [4] and all its row degrees will
be equal to ¢ > 1. Consequently A (s) will have no zeros at s = oo (i.e.

¢ =q > 0,4 =12 ...,r) and its row degrees q; will be the orders of its
poles at s = oo, so that the Smith-McMillan form at s = oo : Si,) of A(s)
will be given by S, = diag[s™,s?,...s"] = s"[,. This in turn implies

that A (s)™" € Ry, ()" will be strictly proper with Smith-McMillan form at
-1

§=00: S;'f(s),l = {Sﬁs)} = - 1,. So in this case the Laurent expansion of

A(s) tat s = co will ‘start’ from the term wH_ g ie Hy=H_,=H,=

co.=H (4 _y=0and H , #0,s0that A(s)"' = wH g+ H g4+ - -

s91

Due to this fact if rankg A, = r condition (4.11) becomes

B(0-)
s (0-)
6(‘11—1.) (0—)
H_, 0 .. 0 [ A, 0o ... 0
. H_(q1+1) H_q1 e O Aq1—1 AQI . e O
H o1y Hozq—2) ... Hg | | A1 Ay ... Ay
B(0-)
1
BY (0-) (414)
5((1171') (0-)
which is an identity since from (2.5) we have that
H_, 0 ... 0 A, 0 ... 0
H—(fh-&-l) H'*Ch : 0 Aq?fl Af]l c O _ [qlT (4.15)
H—(2q1—1) H—(2q1—2) .. Heg Ay A Aq1
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Conversely if for every 5% (0—), 7 =0,1,2,...,¢1 — 1, o (0—) = B (0+)
from (4.10) it follows that we must have

H_, H_ -1 ... H, Ag 0O ... 0

H_(, H_, ... H_ Ap-1 Ay o O
(? +1) 'q ‘ . 2 q. 1 ‘q1 ‘ ~ 1, (4.16)

H7(2q171) H7(2q172) .« .. qul Al A2 .. Aql

which implies that both block matrices in (4.16) must have full rank. From
the second block lower triangular matrix in (4.16) this in turn implies that
rankgA, = r ie. that A(s) is monic. These considerations give rise to

Proposition 1. There is no discontinuity in ( (t) and its derivatives 39 (t),
i=1,2,...qq—1latt=01ie 90-)=p90+),i=01,2,...,q1—1 for
every set of initial values 5% (0—),i=1,2,...,q1 — 1 iff A(s) is monic i.e. iff
rankrAqg =r.

If A(s)™' € R, (5)™" and we consider only the first equation in (4.11) we
obtain

B(0+)
A, 0 ... 0
A, 1 A, ... 0
=Cr,(0-)=C[Jo'B Ju2p .. B|| " T
Al AQ Alh
B (0-)
5(1) (0—)
>< .
ﬁ((h*l.) (O—)
Ay 0 0 3(0-)
Aps Ay o0 || sV 00
- [ H*(h H*(lh*l) H?l} q. a : :
A Ay Ag ﬁ(qlfl) (0-)
(4.17)
But from (2.5) we have
[ Ag 0 0 ]
Aq1—1 Aql 0
H., H__ ... H_ H : o : 118
[ " o L 0] A Ay Ag (4.18)
AO Al e A(Il*l ]
=L, 00 ... 0]
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which can be written as

Ay 0 0
| Ho Hon - Hal Aqgl_l A;m ; (4.19)
A A, Ag
=L 00 ... 0]=Ho| A A ... Ay |

so that (4.17) gives

B(0+) = B(0=) = Hy [AeB (0=) + A1BD (0=) + ... + Ay 1847V (0-)]
(4.20)
which implies that if Hy = 0 i.e. if A(s)”" is strictly proper then §(t) (but
not necessarily its derivatives) is continuous at ¢t = 0, i.e. 3(0+) = F(0—).
Conversely if we require that 5 (0+) = 3(0—) for every set of initial values
B (0—),i=0,1,2,...,¢1 — lthen from (4.20) it follows that we must have

Ho| Ag Ar ... Ay | =0 (4.21)
but from (2.5)
HyAy =0 (4.22)
Now (4.21) and (4.22) can be written as
Hy| Ay A ... Agq Ag | =0 (4.23)
which again, since rankg A (s) = r = rankgr { Ay A .. Ay Ay } S

r, implies that Hy = 0, i.e. A(s)f1 is strictly proper. The above argument
gives rise to the following

Proposition 2. If A(s)™' € Ry, (s)" then 3(t) (but not necessarily its
derivatives) is continuous at t = 0, i.e. 3 (0+) = 3 (0—) for every set of initial
values at t = 0— : 89 (0=),i=0,1,2,...,q1 — 1 iff Hy = 0 i.e. iff A(s)™" is
strictly proper (compare this with Theorem 1).

Remark 4. Similarly it can be shown that if A (s)™" € Ry, (s)""
BY(04) = 8O (0-)—H_1 [AoB (0—) + A1 BV (0-) + ... + Ay, 17 (0-)]

so that 8 (t) is continuous at t = 0, i.e. S (0+) = Y (0—) for every set
of initial values at t = 0— : ¥ (0-),i=0,1,2,...,q1¢ — L iff H 1 = 0. This
result can be generalized by showing that continuity at t = 0 of all derivatives
BD(t) of B(t) up to order j < ¢ — 1 and for every set of initial values at
t =0—: gW (0—), i = 0,1,2,...,¢q1 — 1 is guaranteed iff Hy = H_; =
H 5,=...=H_; =0. (Note that j < ¢, — 1 because otherwise the conditions
Hy=H 1=H_,=...=H_(4_1) = H_4 =0 would imply that A(s) has a
pole at s = oo of order greater than ¢ ).
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Finally we state

Proposition 3. Assume that the given initial values 5% (0—),
i=0,1,2,...,q1 — 1 satisfy (4.13) so that (3 (t) and its derivatives B ()i =
1,2,...,q1 — 1 are all continuous at t = 0 i.e. 3% (0—) = B9 (04) =: B 0),
i=0,1,2,...,¢1 — 1. Then z¢(0—) = 0 and the solution of (1.1) is given by
B(t) = Ce’tx, (0—) where z, (0—) is given by (4.4)

Proof. [1].

Example 1. Consider the system of differential equations

ﬁl (t) + 52 (t) - _ﬁl <t) t>0

52 (t) = —52 (t)

which can be written in matrix form as
p+1  p? Bu(t) | _ |0
0 o+t B ] |0
T
or A(p) B(t) = 0,3(t):= [ B () By(t) | .7 =2.q=3 where
|10 10 0 0] , 0 1] 3
o= Lo ][0 S ][0 0] 5 o]
Now the Smith McMillan form of A(s) at s = oo is S5,y = diag [s*,1/s], i.e.

A(s) has a pole at s = oo of order ¢ = q; = 3 and a zero at s = oo of order
> = 1 and thus A (3)_1 is a non-proper rational matrix:

! —s8
—1 s P
A(S) = 61 (ll)2 ]
L s+1
[ 1 (3s5+2) B
= | S TG | 20 = Hap(9) + i (9)
0 1 0 0
L s+1
. . 0 -1 0 2
from which we obtain that H, = L Hy = 0ol H; = 0y for
§ > 1, and by long division -~ = 157! =152 +1s3 ... —Bst2) — 35714

s+1 > (s+1)
4s72 — 553 + ... ie.

1 -3 -1 4 1 -5
Hl_[o 1],H2_[0 _1],;13_[0 1]

From condition 4.13 for 3 (t) and its derivatives 3% (t), i = 1,2 to be con-
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tinuous at t = 0 so that % (0—) = i (04), @ = 0,1,2 the initial values at
t=0-,6"(0-),5=1,2, i=0,1,2 must satisfy

B (0-) Hy Hy H, Ao A1 Ay
/6(1) (O—) err H,l HO H1 0 Ao A1
B8P (0-) H., H, H, 0 0 A |
0 2 0 -10 O ]J[1T 0100 0]
0O 0 0 0 0 O 01 0100
~ er 1 =30 2 0 -1 001010
N 0O 1 0 0 0 O 000101
-1 4 1 -3 0 2 000010
. 0 =10 1 0 O ]JLOOOO0OO0 1]
0 2 0 1 0 —17
0O 0 0 0 0 O
k| 131 1001
— o 1 01 0 0
-1 4 0 1 1 -1
. 0 =10 0 0 1 |
F o T 1
1 0
A basis for the right kernel of the above matrix is: :1 , _01 and
0 1
I I U
thus we must have that
'5120—;' 2T 1T
By (0— 1 0
8(0-) B (0-) = o
0—
B (0-) 2 () 0 1
o] Ll Lo

from which we obtain that a = (3, (0—), 3 = 5, (0—) — 20, (0—) so that from
4.24 we obtain that 5§Z) (0-),j =1,2, 1 =0,1,2 must satisfy the conditions

B (0—) = =5, (0=) + B, (0-) (4.25)
B (0—) = =3, (0-) (4.26)

B (0-) = By (0—) — 26, (0-) (4.27)
& (0-) = B, (0-) (4.28)
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An irreducible at s = oo generalized state space realization of the polynomial

part Hpy (s) = [ 8 2 6 s 1 of A(s)™" is given by the triple

0 1 0 0 0 -1
SRR B R

Formula (4.2) gives

Ao A1 Ay B (0-)
zy(0—) = [ By, JoBoo, J2Bs } 0 Ay A B (0—
0 0 A || a?0-)
1 0] 1 0] 0 0]
0O 1 0 1] 00
- = - =1 - -
o -1t ]Jo0 0 JOoO]]O O] 1T 0] 10
00 | 0-1]00|l0OO]O0T1]o01
- = | - | - -
00 1] 0071 10
L0 0] 0 0] 0 1]
[ B1(0—) ]
By (0—)
| A0
& (0-)
%?(0—)
L 85 (0-) |

= —02(0-) — ) (0-) 4.25-4.28 | 0
128, 0-) + 8 (0-) — Y (0—)] - [0] (4.29)

i.e. we have that z; (0—) = 0 and thus from (4.1)
Bpol (8) - OOO (SJOO - IH>_1 Jool'f (O_) =0

as in Proposition 3 so that 8, () := L~! {Bpol (s)} = 0, and there is no
impulsive behavior in [ (t) at ¢t = 0.

A minimal realization C,.J, B of the strictly proper part of A (s)™" :

1 35—i-Q2
Hay (5) = [ ST ]
s+1

20



is given by C = (1) _13]”]: [_1 1 ],B: [1 O],(an)and

formula (4.4) gives

A3 0 0 £ (0-)
7.(0-):==| 2B JB B|| A Ay 0 || pY (0)]
A Ay Ay ]| A% (0-)
[1 =2 -1 1 ]10
“lo 1 ] 0 -1]01
"0 1] 00 |0 07 B:i(0-)
0 0] 0071 0 0]]| 520
PR e B a
0 0] 0 1] 0 0|8 (0
“To o] oo |0 oll|sYw0
_ | _ | _ _
1o 00| 0 100
[0 1[0 0 [0 0][g®0]
_ [ By (0=) + B (0—) — 85" (0-) + 85" (0-) ] _ [ 24 (0-) ]
B, (0-) 52 (0—)

which due to the constraints 4.25-4.12 gives that

=220 [ 40750 o

and thus the solution of the d.e. is
50 = | i | = Ba} et {ewn -0 n0-)
_ et (0-) = [ 1 —3] le—t te__: ] lﬁl (0—) + 385 (0-) 1

- % te_t_ge_? 161 (U—O)Jr?(jﬁz (0-) =0
[ " & H By (0—) ]

ie.
By (t) = 51(0 ) 7t+ﬁ2( —)te™
t>0
By (t) = By (0—) e -
which for ¢ = 0+ and due to conditions 4.25-4.12 gives that BY (04) =
B9 (0-), 89 (04) = Y (0-),j = 0,1,2 ie that 5(t),6 (t),5? (t) are

continuous at ¢t = 0.
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