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Abstract

We examine the problem of equivalence of discrete time auto-regressive rep-
resentations (DTARRS) over a finite time interval. Two DTARRS are defined as
fundamentally equivalent (FE) over a finite time interval [0, N] if their solution
spaces or behaviours are isomorphic. We generalise the concept of strict equiv-
alence (SE) of matrix pencils to the case of general polynomial matrices and
in turn we show that FE of DTARRs implies SE of the underlying polynomial
matrices.

1. Introduction

The problem of equivalence of continuous-time linear systems has been the subject of
several studies in recent years and many definitions have been proposed. There are
two main approaches to the problem of system equivalence. The first one requires
preservation of the structural invariants of the matrices describing the systems, while
the second deals with the relations of the solution sets or behaviors of the correspond-
ing systems. Both approaches seem to be equally powerful and in certain cases ([22],
[18], [17]) they are proved to be equivalent.

An equivalence relation based on the preservation of structural invariants first
appears in [23], where strict system equivalence was introduced. Strict system equiv-
alence requires systems to have the same finite frequency structure. This requirement
is justified by the fact that systems with the same finite structure will exhibit the
same smooth behavior, while in [22] it is shown that strict system equivalence implies
the existence of an isomorphism between the smooth solution spaces of the systems
involved. In an attempt to generalize strict system equivalence to preserve both the
finite and infinite system structures Verghese [27] proposed, in the context of gener-
alized state space systems, the notion of strong equivalence which took on a closed
form description in [21] as complete system equivalence.

On the other hand, the behavioral approach (see [24], [25], [26]) starts from the
requirement of existence of an isomorphism between the behaviors of the systems



under investigation. However, this approach at least in its original form is only
concerned with the smooth behavior of the underlying systems.

In the discrete-time case the question of equivalence is not that clear. The first
thing to notice is that in case we are interested only in proper (causal) discrete-
time systems, the problem of equivalence and the corresponding theory can be easily
transferred from the continuous time context to the discrete one and both approaches
can be employed equally well. However, when non-proper or singular discrete-time
systems come in to focus, the situation becomes more complicated. Singular discrete-
time systems, exhibit non-causal behavior and the natural framework for their study
appears to be a finite time interval where the system can be essentially decomposed
into a purely causal and a purely anti-causal part (see [1], [2], [3], [4], [5], [7]). The
causal and anti-causal behavior of such systems have been proved to be associated
to the finite and infinite elementary divisors structure of the matrices describing the
systems (see [3] for descriptor systems or [6], [16] for higher order systems).

In this paper we address the question of equivalence of discrete-time systems
described by auto-regressive representations (DTARRs) in the framework discussed
above and propose an approach based initially on the preservation of the structural
invariants of the polynomial matrices involved, which in turn provides the background
to introduce a behaviour-oriented system equivalence.

We consider systems of the form

Aglhrq T Ag—18p1 g1 + -+ 40§, =0 (1.1)

where A; € R™" ¢ = 0,1,...,q, over a finite time interval £k = 0,1,..., N. Two
DTARRs are defined as fundamentally equivalent (FE) if their solution spaces or be-
haviors are isomorphic in a particular way. Motivated by the fact that the behavior
of the DTARR (1.1), when considered over a finite time interval [0, N], depends on
the algebraic structure of both the finite and the infinite elementary divisors of the
polynomial matrix A(o) = 4,07 + A,_10971 + ... 4+ Ay € R[o]"*" associated with
(1.1) [6], [16], we show that this structure is identical with the corresponding struc-
ture of a block companion matrix pencil cE — A € R[o]"?*" which constitutes a
linearization of the polynomial matrix [9] and consequently the DTARR associated
with ¢ E — A constitutes the natural first-order fundamentally equivalent representa-
tion (realization) of (1.1). As a result we propose a generalization of the concept of
strict equivalence (SE) of regular matrix pencils [8] to the case of general nonsingu-
lar polynomial matrices. Finally, as a consequence of our results we show that two
DTARRSs described by nonsingular polynomial matrices of possibly different degrees
and dimensions are FE if and only if these polynomial matrices are SE.

The paper is organized as follows. Section 2 we provides the necessary mathemat-
ical background for the consequent sections. In Section 3 a generalization of strict
equivalence to the polynomial matrix case is introduced and certain algebraic results
are obtained. In Section 4 we propose the notion of FE of DTARRs and provide the
main results of the paper. Finally, in Section 5 we summarize our results and propose
directions for further research on the subject.

2. Mathematical Background

In what follows R, C denote respectively the fields of real and complex numbers and Z*
denotes the non negative integers. By R (¢)”*™ | R, ()" "and R[o]P*™ we denote



the sets of p x m rational, proper rational and polynomial matrices respectively with
real coefficients and indeterminate o. Let

A(0) = Ago? + Ag_1077 4+ Ag € R[0]" (2.1)

with rankg(, A(c) = r. The (finite) zeros of A(c) are the roots of the equation
det A(o) = 0, equivalently A\; € C is a (finite) zero of A(o) iff rankcA(N;) < r.
Assume that A (o) has [ distinct zeros A1, Ag,...,\; € C, and let

Sy = diag{(oc = X)™, .., (0 = X) ™"} (2.2)

be the local Smith form of A(c) at ¢ = \;,i = 1,2,...,] wherem;; € Z* and0 <
mi1 < mys < ... < my,. The terms (o — \;)™ii are called the finite elementary divisors
(FEDs) of A(o) at ¢ = \;. The non-negative integers m;;, j = 1,2,...,r are the
partial multiplicities of A; and m; := Z;Zl mj,t = 1,2,...,1 is the multiplicity of A;.
Let m;; > 0 and

Ao 10 0 O
0 XN 1 0 O l
o . . . . . . mi; Xm;j 1= 1727’ )
Jijri= 0o 0 0 ER T =12, (2:3)
0 0 0 ... N\ 1
0O 0 0 ... 0 XN\

be the Jordan block corresponding to the finite elementary divisors (o —\;)™of A (o)
and

J; := block diag [ Ji1, Ji,27 e i ] S Rmixmi, i=1,2,...,1 (24)

A pair of matrices C; € R™*™i J; € R™i*™: ig called a (finite) Jordan pair of A (o)
corresponding to the zero of A (o) at 0 = A; [9](Theorem 7.1 page 184) iff

AyCidd + Ay 1 C T+ ACuTi + AgCy = 0y, (2.5)
and
C;
rankg . =m; (2.6)
CiJmi!

Let n := deg(det A(0)) = 22:1 m;. The pair of matrices
Crp = [Cl,CQ,...,Cl] GRTXTL, Jp = diag{Jl,Jz,...,Jl} e R™*™ (27)

is defined as a finite Jordan pair [9] of A(o) and satisfies the following conditions

AqCFJIq; + Aq_10FJ%71 + ...+ A CpJr + AgCr = Or,n (2.8)
Cr
CrJr
rankg . =n (2.9)
ijgil



The dual matrix A(c) of A(o) [9], [12] is defined as Ao) = 09A(0™ 1) = Ago? +
Ajo? 1+, 4+ A,. Since rankA(0) = rankA,, A(o) has zeros at o = 0 iff rankA, < r.
Let

S%(U) = diag{o*,...,otr} (2.10)

be the local Smith form of A(c) at o = 0 where p; € ZHand 0 < py < pp < < e
The infinite elementary divisors (IEDs) of A(c) are defined as the finite elementary
divisors o#i of its dual A(o) at ¢ = 0. Let Jjoo € R**#i 5 =1,2,...,7 be the Jordan
block corresponding to the non-trivial finite elementary divisors ¢*J, of ;1(0), o=
Z;zl p; and

Joo 1= block diag[ Jiso, J2o0s - Jdroo ] € RHXH (2.11)

A finite Jordan pair Cs € R™F, Jo, € R#*H of the dual matrix fl(a) corresponding
to the zero of A(0) at o = 0 is defined as an infinite Jordan pair of A(c) and according
to (2.8) and (2.9) satisfies the following conditions

AgCoodL + A0 JL + .. 4+ ACo =0, (2.12)
Coo

CooJoo
rankg . =u (2.13)

C’OQJ(@‘O’1

Let
SYoy (0) = diag |oT o, I L ! (2.14)
A(g—) 9ty ) Uﬁk’o—zl\erl’.“’gar .

be the Smith-McMillan form of A (¢) at 0 = oo [12] where
1>2q@>...2qg>0=qgi1=...=q (2.15)
er > (/]\r—l > ...2 Z]\v—i—l >0 (216)
are respectively the orders of the poles and the zeros at o = oo of A(c). Then it is
proved in [19] that ¢; = ¢ and in [12] that the local Smith form S%(U) (o) of A(o) at
o =0 is given by

k

S%(U) (o) = o™ Sff(a)(o_l) =diag |1,017%, . gN"W%k g ], _, gWtd+1 g0t

v

(2.17)
so that the orders p; of the IEDSs 0%, j = 1,2,...,7 of A(c) are given by

py =0 (2.18)

My = q1 — qj i=23,... .,k (2.19)
pi=q  j=k+1,...0 (2.20)
1y =aq +q; j=v+1,...,r (2.21)

and thus we have



Proposition 2.1. The total number of elementary divisors (finite and infinite ones
and multiplicities accounted for) of A(o) is equal to the product rq, where r is the
dimension and q is the degree of A(c), i.e.

Proof. Assume that the Smith-McMillan form of A (¢) at 0 = oo is given by (2.14).
To prove (2.22) use (2.18), (2.19), (2.20), (2.21) in conjunction with the fact that
for any nonsingular polynomial matrix A (o) the total number of zeros of A (o) in
CU {0} = total number of poles of A (c) at infinity (see [12]). W

3. Strict Equivalence of polynomial matrices

In this section we investigate the finite and infinite elementary divisors structure of
regular polynomial matrices. The elementary divisors structure of a polynomial ma-
trix plays a very important role in the study of the behaviour of DTARR’s (see [3],
[6]). Our goal for this section is to introduce an equivalence relation for polynomial
matrices that preserves both FED and IED structures. This can be done by extend-
ing the notion of strict equivalence, originally introduced for matrix pencils, to the
polynomial case.

Before we proceed to the analysis that will eventually lead us to the generalization
of strict equivalence, it is important to notice the following

Lemma 3.1. Let 4; (o) = Ai’qmqi + o+ Ajjo 4+ Ay € R[o]™*™ i = 1,2 be two
non-singular polynomial matrices. If A;(c), A2(o) have identical (non-trivial) FED
and IED structures then r1q' = roq?.

Proof. This is direct consequence of (2.22).
The above result justifies the following definition.

Definition 3.2. Let p € Z*. Then R, [¢] will denote the set of polynomial matrices
A(o) = Ago? + ...+ Ajo + Ag € Ro]™*", satisfying rq = p.

Consider now a polynomial matrix as in (2.1) and the associated regular matrix
pencil

ol, —I, ... 0 0
0 ol ... 0 0
oE—A:=| oo : eR[o]" ™ (3.1)
0 0 ... ol —1I,
Ay A ... Aq,Q O'Aq + Aq,1

The above pencil is known as a block companion linearization of a nonsingular polyno-
mial matrix A(o) [9]. It is well known (see [9]) that the polynomial matrix A(c) and
its associated block companion form posses identical finite elementary divisor struc-
tures. We generalize this result to relate the infinite elementary divisor structures of
A(o) and oF — A.

Lemma 3.3. Let A(c) € R[o]"*" as in (2.1). Then the matrix pencil cE — A €
R [0]""*" in (3.1) and A(c), have identical nontrivial FEDs and IEDs.



Proof. The fact that A(c) € R[o]"*" and 0 E — A € R [0]""*"? have identical FEDs is
well known [9] (section 7.2 page 186). We shall prove that o E — A and A(c), have the
same non-trivial IEDs. Consider the matrix pencil in (3.1) and the biproper rational
matrices:

I, 0 0 0
0 I, . 0 0
Uso(0) := : : : Dol ER ()T (3.2)
0 0 I, 0
—W() (O’) —W1 (O’) —Wq,Q (0) L«
I, I,o~! I.o2 I.o— (@2 [ o—(¢-1)
0 I, I,o! [Tg—(q—?)) [TJ—(q—2)
Voo (U) = ER]JT (U)qrxqr
0 0 0 : I, Io~!
0 0 0 0 I,

(3.3)
where W; (0) = o= (FD S, Ago® € Ry, (o) ,i =0,1,2,...q — 2. By straightfor-
ward computation it is easy to verify that

Use(0) (0 F ~ A)Vic(0) = diag{o T, g, 1~ Al0)} (3.4)
and since Uy (o) and V.. (o) are biproper rational matrices, the pencil E — A and
the block diagonal matrix in the right-hand side of (3.4), are equivalent at ¢ = oo
[12], hence they have identical pole-zero structures at o = oo .

Assume now that 7T7,(c) € R, (0)"", Tr(0) € Ry, ()" are biproper rational ma-
trices that bring the matrix A(c) to its Smith-McMillan form S7,) (o) at o = oo,
i.e. let that

Tr(0)A(0)Tr(0) = SX(o) (0) = diag o™, ... .0% Ty ky ——, ..., — (3.5)

v

By pre and post-multiplying (3.4), respectively by T%(c) := diag [I(gi—1),T(0)] €
Ry (0)*7 and Tr(0) = diag [I,(q -1y, Tr(0)] € Ry ()7 we have:

T () U (0) (0 F — AV (0)Ta(0) = diag [azr(qll), %535(0) (a)] (3.6)

q1

It is obvious that equation (3.6) gives the Smith-McMillan form S5 — (o) of the

pencil cE — A at 0 = 00 , i.e.

o0 - 1 oo
S°% 4 (o) = diag {a[r(qll), FSA(U) (0)} (3.7)



The IEDs of 0 E — A are the FEDs o/ of the dual pencil 0 (6 7'E— A) = E—ocA at
o = 0. From (3.7) the local Smith form 3%707 (o) at ¢ = 0 of the dual pencil E—c A

A
is given by
0 o) -1y B.7) . 1 q1—1 goo 1
S5 I (o) = 050572(0 ) "= o diag ;Ir(ql,l),a SA(U) .
(3_5) di I (hd' L I Qu+1 qr
- rag r(qlfl)aa’ tag E,"'a O_qka v—k; 0 ) 9
v T—v
= diag Ir(q171)+17 PRI COU Ll L AR aq1+21\v+1’ o ’0q1+ar
T—v
so the orders z; of the IEDs oFi of oE — A are given by
A= 0, =12 -1)+1 (3.8)
o = qa—q j=Er@-10)+2,...,0(q—-1)+k
= ¢ j=r@—-1)+k+1,...,r(@—1)+v
A = q+q j=Er@-D+o+1.,r(@—1)+r

which obviously coincide with the multiplicities of non-trivial IED’s of A(c). B

Motivated by the above result we propose a generalization of the notion of strict
equivalence of matrix pencils [8] to the case of general nonsingular polynomial matri-
ces.

Definition 3.4. (strict equivalence of polynomial matrices). Two nonsingular poly-

nomial matrices A; (0) = Ajgio? +Ajyi 107 1.+ Aip € Ry [0], i = 1,2 are called
strictly equivalent (SE) iff the block companion matrix pencils 0 E; — A; € R[o]"*?
i = 1,2 associated to A;(c) are strictly equivalent [8], i.e. iff there exist nonsingular

M € RP*P () € RP*P such that
[O’El - Zl} =M [O’EQ - 22} Q (39)

Notice that if the polynomial matrices A4; (¢) @ = 1,2 in Definition 3.4 are pencils
ie. if ¢! =¢? =1sothat A; (0) = Ajyo+ Aip = 0E; — A; e R[o]" ™" C R, [0],i =
1,2 and p = r; = ro, then our notion of strict equivalence coincides with the classical
one in [8]. From the fact that any nonsingular A (¢) € R[o]"*" as in (2.1) is SE to the
pencil cE — A € R[0]"" " as in (3.1) it follows easily that SE of polynomial matrices
is an equivalence relation on R, [o] x R, [o]. If A; (0) € Ry [0],i = 1,2 are SE then

we denote this fact by writting A; (o) L A, (o). We can now generalize a classical
result regarding strictly equivalent matrix pencils [8].

Theorem 3.5. A; (o) 4, (0) iff A1 (o) € R,[o] and Az (o) € R, [o] have the
same FEDs and IED:s.

Proof. (=) ie. A;(0) L 4, (0) = A; (o) and As (o) have the same FEDs and
IEDs. It is enough to combine definition 3.4 with the result of Lemma 3.3, in order to



see that the matrices A; (0), A3 (o), [chl - Zl] , [JEQ - Zg} share common FED’s
and IED’s structure.

(<) i.e. A; (o) and Az (o) have the same FEDs and IEDs = A; (o) % 4, (o). In
view of Lemma 3.3 we can obtain first order polynomial matrices [aEi - Zi] such that
[UEZ- — Zi] and A;(o) share common FED’s and IED’s structure. According to our
assumption A;(c), As(o) have the same FED’s and IED’s structure thus the same
will hold for [aEl — Zl] , [UFQ - Zg] Hence [0F1 - Zl] E [UFQ - ZQL which
coincides with the definition of strict equivalence for A, (o), Az(c). B

Theorem 3.5 states that the map

f Rylo] =Ro] xRog] x--- xRJo],

n4p times

A(o) — fA(o)={set of FEDs and IEDs of A (o)}

is a complete invariant for SE, i.e. that A, (o) 20 4, (0) & fA1 (o) = fA1(0). Also
since for any nonsingular A (o) € R[o]”*" as in (2.1) and 0E — A € R[o]""*"? as in
(3.1) we have that

A) T oE-A%

we see that the map

ol, —Jr Ony

w: Ry [o] = R, o] wA; (o) = { (U 0Jos — 1,

} i=1,2  (3.10)

is a canonical map for SE on R, [0] and that the Weierstrass form 0 E— A of cE— A is
a canonical form on R, [o] in the sense that if we consider two SE polynomial matrices
A; (o) € Ry[o],i = 1,2 and their respective SE pencils cE; — A; € R, [0] i = 1,2 as
in definition 3.4 and let M; € RP*P Q; € RP*P ¢ = 1,2 be the matrices transforming
each pencil 0E; — A;, i = 1,2 to their (common) Weierstrass form:

L—Jr 0, S — S
oF — A= [ g}w F G(]’:Oilﬂ ] =M [0E1 — 4] Q1 = Ma [0Bs — A3] Qo
(3.11)
so that
s = —18E| ol,—Jr 0 Ef = —1SE
A (6) % By =] | e O (0 - ) )
(3.12)
then
A, (0) % A5 (0) & wA, (0) = wAs (o) = [ ol =Jr O } € R, [o]
Oun oo — 1,
(3.13)

4. Fundamental equivalence of DTARR’s
Consider now the g—th order Discrete Time Auto-Regressive Representation (DTARR)

Aq£k‘+q+Aq71£k‘+Q7l+"'+A0£k :0 (4.1)



We are interested in the behaviour (see bellow) of (4.1) over a specified finite time
interval k = 0,1, ..., N where N € Z" is arbitrary subject to N > q. If o denotes the
forward shift operator o'¢;, = &, then (4.1) can be written as

A(U)fk 207 k:0a17277N_q20 (42)

where A(o) as in (2.1) and &, € R,k = 0,1,..., N is a vector sequence. Notice that
as the matrix A, € R™*" is not in general invertible (4.1) can not be solved by iter-
ating forward, i.e. given the initial conditions £y, &y, ..., §,_1 determine successively

EqrEqrnr -
The solution space or behaviour 31(4]\8) of the DTARR (4.2) over the finite time
interval [0, N]| is defined as

B, = {6 = (& )k=01,..n SR | & satisfies (4.2) for k € [0, N]} € (RN
(4.3)
The following result which appears in [6], [16], characterizes the behaviour of a
DTARR in terms of the finite and infinite Jordan pairs of the polynomial matrix
A(o) associated with (4.2) and can be considered as a direct generalization of corre-
sponding results for descriptor systems that appear in [3], [4], [5], [1], [2] and [7].

Theorem 4.1. [6][16] The behaviour 81(41\8) of the DTARR (4.2) over the finite time
interval k =0,1,...,N > q is given by

ijf;) = {(€)k=01..NCR |FaeRbDER*VEk=0,1,...,N >q :
&= CrJh Cood¥F ) [ ) ]}

and N
dim 81(4(3) =rqg=n-+u (4.4)

Notice that B depends on the finite and infinite Jordan pairs (Cgp € R™"™, Jp € R"*"
A(o)

and (Coo € R J o € RF¥H) of A(o) and thus from (2.2),(2.3) and (2.10) on the
(non trivial) FEDs and IEDs: (0 — A;)™i and o*i,i = 1,2,...,1,7 = 1,2,...,7r of
A(o).

Theorem 4.2. [6][16] Given the initial and the final conditions vectors
T T
zo 5 =& & o &a g ] ERT (45)
T
TN _(g-1) P = [ EN—(-1) EN—(-2  Eno1 En } eR™
then (4.2) has the unique solution

Lo

=[ CpJiMpr CoJY *M, {
& =[ CrJpMr 50 ] IN_(qo1)

],k=0,1,2,...,N2q (4.6)

iff zg and xn_(4—1) satisfy the compatibility boundary conditions

N—(q—-1) M
Zo J MF - F
€ k F 4.7
[ TN-(g-1) } er[ My JLTTVM, 1 o



where Mp € R M., € RF*™ are defined by

Cr CooJLt
CrpJrp ConggQ
CrJit Oy

(the fact that the matrix inside the brackets in the right hand side of (4.8) is
non-singular is proved in [9] (Theorem 7.3 page 189).

Let (€4)k=01,..N € 31(4]\(2) be a solution of (4.2) and define the vectors

k I
13 I,.o

op = | F - , ¢ eRM k=0,1,2,..,N (4.9)
§k+q—1 Iraqil

where we assign the values £, = 0 for k > N. In view of (4.2) and the form oE — A
in (3.1) the sequence (zx),—o; n € Bfr%)—ﬁ satisfies the DTARR

(0E—A)z, =0, k=0,1,2,..,N—1 (4.10)
where
Bz(y%)—z = {I = (;z:k)k=071,.4.,N CR™, zpe€R™

Lo

| 2 = [6Fj’;MF,6ooji_k_(q_l)Moo] {
TN—(q-1)

} .k :0,1,2,...,N}
and from Theorem 4.1
dmB 5z 5s=(rq)-1=n+p

where Cp € R"9*" Jp = Jp € R™ ™ a finite Jordan pair and Co € RTO*X0 J =
Joo € RIH an infinite Jordan pair respectively of [0E — A] € R[o]"*", and it can
easily be proved that

Cr Coojgo_l
_ CrJr CooJL 2

[6177 COO} =

CrJit Ou

Mo
and where the initial and final conditions vectors xo € R™, xn_(,—1) € R"? satisfy
the compatibility boundary condition (4.7).

A first observation on the dimensions of the behaviours of (4.2) and (4.10), shows
(N)
cE—A"

Mp € R™ ™ M., € R*¥™ and defined through [ Mp } = [Cp,C]™t € RTa*T4

there must be bijective maps between 61(4]\8) and B These maps are given in the

following

10



Proposition 4.3. The polynomial maps

I,
) ) Lo raxr
Sral0) : B = BY) | &y = S1g(0)6ss Sralo) = | | € Rlo]
Iro‘qfl
(4.11)
and
LTQ(O-):BEZ 854( ) |x7€’_>€k_ (U)xkaqu(a): [ I, 0 ... O ] e R™"4
(4.12)

are bijective.

Proof. It is enough to notice that every solution of (4.2) is mapped through (4.11)
to a solution of (4.10) while every solution of (4.10) is mapped through (4.12) to a
solution of (4.2). H

The question of existence of bijective polynomial maps between the behaviours
of generic DTARRSs of the form (4.2), is naturally arising in view of the existence of
bijective polynomial maps relating the behaviour of a generic DTARR (4.2) to the
behaviour of its first order representation (4.10). With this background we propose
the following definition

Definition 4.4. Two DTARRs
Ai(0)€ =0, k=0,1,2,....,N —¢' >0, i=1,2 (4.13)

where A; (0) = Aiqmqi +Aiqi,10'q'1£71 +.. 4 Ao+ Ay € Ro] " rankg s A; (o) =
ri, @ = 1,2 will be called fundamentally equivalent (FE) over the finite time interval
k=0,1,2,...N > max {ql, q2} iff there exists a bijective polynomial map Q12 (o) =
Q12007 + ... + Q1210 + Q120 € R[o]™*™ BAN()U B(N) between their respective
behaviors so that

€= (€ )k=01..N GB(N) Hﬁ = (7)k=01. . NGB(N)

or

s @ =Qu(o)El, k=0,1,..,N

The above definition essentially suggests that two DTARRs will be termed FE,
if their behaviours are isomorphic and particularly iff their behaviours are related
through a bijective polynomial map. The following result is a direct consequence of
the definition of FE.

Proposition 4.5. The DTARR in (4.2) and (4.10) are fundamentally equivalent over
the finite time interval k = 0,1,..., N.

)

Proof. This follows directly from Proposition 4.3 in view of the ex1stence of the
bijective polynomial maps S,4(0) : 81(4]\8 Bi%lz and Ly, (0) : B(ﬁ - BA(U are
given by (4.11) and (4.12). B

Definition 4.6. The DTARR (4.10) will be called a first order realization of the
DTARR (4.2).

11



From Definition 4.4 it follows that a necessary condition for the DTARRs in (4.13)
to be fundamentally equivalent is that

dim 81(4]\1[20) =r1q" = ry¢® = dim B(AIZZJ) (4.14)

In the following we show that a necessary and sufficient condition for the DTARRSs
in (4.13) to be FE is that A; (0) R [o]™ " and A, (¢) R [0]™*" have the same FEDs
and IEDs and that this n. & s. condition implies the necessary condition in (4.14)
The next proposition states that if the polynomial matrices A; (o) € R [o] ",
i = 1,2 in Definition 4.4 are regular matrix pencils i.e. if ¢' = ¢> = 1, so that
Ai(0) = Ajo+ Ay = oE; — A; € R[o]"™ ™, i = 1,2 and r; = 5 = p then the
notions of FE of the DTARR [O‘EZ' — Zi} zi =0,k=0,1,...,N — 1,5 = 1,2 coincides
with the notion strict equivalence of the matrix pencils o E; — A; € R[o]?"?, i =1,2.

Proposition 4.7. Let cE; — A; € Ro]""" ,rankg(y) [0E; — &) = ri, i = 1,2.
Then the DTAR representations [UE = Zi] m}c =0,i=1,2,k=0,1,...., N—1 are FE
over the finite time interval k = 0,1, ..., N iff the matrix pencils o E; — A; € R[] """
i=1,2 are SE.

Proof. (=)([0E) — A5] X' [0By — As) = [0E; — A] af = 0,i = 1,2,k =0,1,..., N—
1 are FE.) [O’El _ZQ:I o [0@1 _ZQ] & r; = ro = p and 3 nonsingular matrices
M € RP*P Q) € RP*P ; [0E1 — Zl] =M [UEQ 722] Q@ from which by multiplying
both sides by z} we obtain that 22 = Qz}. € B,z, 7,k =0,1,2,...,N. Since Q is

W) =p=dimBY) _ it follows that
or1—Aq OLig— A2

square and invertible from dim B
Q: B[O’E1—Z1} — B[UEQ—Zz] | z) = 22 = Qur, k=0,1,2,...,N

is the bijection between the respective behaviors. o
(<:)([UE1- —Ai} € R[o]"*" i = 1,2 are such that [O'Ei —Ai] i = 0,i =
1,2,k=0,1,.... N — 1 are FE = [0E1 _ZQ] o [afl _ZQ]).

[0F; — Azl = 0,i = 1,2,k =0,1,..,N — 1 are FE 3" dimBY =y =
oL — Ay
dim BYY) = ro =: p and there exists a p x p bijective polynomial map @ (o) :

0'E2—ZQ
B[UE—E] — B[UEQ—ZQ]> zi — 23, 23 = Q(o)zh, k=0,1,2,..,N . Let Q (o) =
Quo’ + ... + Q10 + Qo € R[0]P*?, be such a bijective polynomial map. Then z? =
Qo) xp = Quitpyy + Quor®fy g+ + Qg + Qox, for k=0,1,2,..., N can be
written in matrix form as

‘r(z) QO Ql Qvfl Qv 0 0 0 xé

o7 0 Q @ o Q1 Q .. 0 0 ||al

o ol=lo o0 ]

x?v_l 0 0 QO Ql Qv—l Qv 0 ‘T}\H—v—l
TN 0 0 0 QO Ql QU,1 Qv ‘r}\f—l-v
p(N+1)x1 p(N+1)xp(N+v+1) p(N+v+1)x1

(4.15)
Let Ly € RP(NHDXp(N+v+1) the Toeplitz matrix in (4.15). Now due to the assumption
that Q (o) : B[aE—E] — B[oig—zg} is bijective, Ly : RP(N+v+l) _ Re(V+D) myst

also be bijective. In order Ly to be injective the number of columns of Ly should be
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equal or less than the number of its rows, thus v = 0 and @ (0) = Qo € RP*P must
be a constant invertible matrix. Hence [JEZ' - Xi} x}v =0,i=1,2k=0,1,.... N -1
are FE = 3 nonsingular Qy € RP*? : 23 = Qozt, k = 0,1,2,..,N . Thus for
every solution w,lc satisfying [aEl - 21] 37;,1c = 0, we have [UEQ — Zg] xi = 0 where
z? = Qoz}, which can be written as

- 1 - o 1
[ -4, El][i’f ]:0;»[/12@0 E2QO}[?§ ]:0, k=0,1,..,N—1
k+1 k+1 (4.16)
or equivalently o B -
ker [ —A1 E1 ] Q ker [ _AQQO E2Q0 ] (417)

Inversely every solution 7 satisfying [0E2 — A3] 27 = 0, can be written as #} = Qoz},
where x}C satisfies [0E1 — Zl] x,lg = 0. Thus

1 1
[ —ZQQO EQQO ] |: i]f :| =0= [ _Zl El } |: ;'If :| = U, k:O,l,,Nfl
k+1 k+1
(4.18)
ker [ —ZQQO EQQO ] Q ker [ —Zl El ] (419)

Combining (4.17) and (4.19) we get ker [ —A2Qo FE2Qo | = ker| —4; E; |,
which in implies the existence of a nonsingular My € RP*P s.t.

My[ —A1 Ey | =] -4:Q0 E2Qo |

i.e. [0’E1 _ZQ] SE [O’El _ZQ] .

We can now state the main result of the paper which associates the notion of FE
of two DTARRS to the notion of SE of polynomial matrices proposed in the previous
section.

Theorem 4.8. Let A; (o) € R[o]"*" | rankp,A;i (0) = r;,i = 1,2. Then the
DTAR-representations

Ai(0)€ =0, k=0,1,2,....,N —¢' >0, i=1,2 (4.20)

are fundamentally equivalent over the finite time interval k = 0,1, ..., N > max {ql, q2}
iff the polynomial matrices A; (o), i = 1,2 are strictly equivalent.

Proof. (=) (A1 (0) & Ay (0) = A (0) €L =0,k =0,1,2,....N — ¢ >0,i = 1,2 are

Let A; (U) = Aiqiﬁql —I-Aiqi_laql_l-i-. Ao+ ApE R, [J] ,i=1,2,p= ’1"1(]1 =
r2¢* and assume that A; (o) 20 4, (0) . Consider now the first order realizations of
the DTARRS in (4.20) over the finite time interval k = 0,1,2,... N :

[0E; — A;]z;,=0, k=0,1,2,.,N—1, i=1,2 (4.21)

Due to our assumption that A;(c) SE, the matrix pencils [0E; — A;] will be also SE
and hence according to the previous proposition (4.21) will be FE. Let @@ € RP*P be

the bijective (constant) map, @ : BENE) ] — BENE) ] | 2p — 22 = Qxt, k=
o1 —Aq oluz—A2
0,1,2,..., N, S, 41 (0) : Bf;jga) . Bi%f—zl | &b — bk = S, 41 (0)€}, as defined in (4.11)
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N N .
and L,,q2 (0) : BEEL% — 81(4 ) | 22 > & = Ly, (0) 2% as in (4.12). All three

maps are bijective and it is easy to see that the mapping
Q12(0> = Lr2q2 (U) QS"'lql (0’)

is a bijective polynomial map (as a composition of bijective maps), mapping B to
654 20), which proves that (4.20) are FE. Following similar arguments we can determlne
a bijective polynomial map (21 (o), that maps B( ) to BANza

(=) (4 (0)€), =0,k=0,1,2,...N —¢* > 0,i = 1 2 are FE= 4, (0) 45 (0))
According to (4.5) the DTARRs 4; (¢) £k =0 and [0E; — A;] i, =0,i=1,2are
fundamentally equivalent. Thus the following polynomial maps are bijective

N N
Ly g (0): Bifz_jl - B,(ql 20) | xllc = gllc =Ly g (O’)l‘i

N N
Sraq2(0) : 854220) - BiE) A | & ot = Sragq2 (0 )
By assumption there exists a polynomial bijective map
N N)
Qo) : B — B 16— & = Qo)&)

Therefore the composition Q'(c) := S,,,2(0)Q(0) Ly, g1 (0)

N N
Qo) B 4~ Big, ) | ok — 7k = Q0)ak
is a bijective polynomial map between BE ) B™) . Thus the DTARRs

E1—A1]" T [0Ey—4,)
[UEZ- — Ai] x}c =0,i = 1,2 are FE and by theorem 4.7 the pencils 0 E; — A;,i = 1,2
are SE which by definition 3.4 establishes the result. ll
The following diagram summarizes the bijective polynomial maps schema between
the behaviours of (4.20) and their respective first order representations (4.21)

(N) 2l (N)
BAl(O') R — BAQ(O’)
Qi12(0)
L7'1q1 (U) Tl S7'1q1 (U) S7'2q2 (G) lT L7'2q2 (U) (422)
-1
Ny A Ny
[¢E1—44) ? [¢E2—4,)

We illustrate the above results via the following example

o2 1

Example 4.9. Consider the polynomial matrix A, (o) = [ 0 o3 } € R[0]>*? with

r1 =2,q1 =3,n =5 so that r1q} =p =6, and A;(0) € Rg [o], Sgl(a) - { (1) 25 }

g 0'3

The dual matrix of A,(c) is Ai(o) = [ 0 1

10
0 _
} andSA;l(ﬂ)— [O U},so that
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ut =0, ut=1and p' = pu} + pd = 1. From A;(o) by inspection

c 0 -1 0 0 0
0O o0 0 -1 0 0
- = 0 0 o 0 -1 0
cbE1— A = 0 0 0 o 0 1 € Rg [U}
01 0 0o 1 0
00 0 0 0 o
o2 1 0
Consider now the polynomial matrix As(c) = | 0 o 1 e R[o]**® with
0 0 o2
ro =3, ¢} = 2,n =5 so that ro¢? = r1qf = p = 6 and Ay(0) € Rg o], SSQ(J) =
(1.0 0 ] 1 02 0
0 10 . The dual matrix of A3(c) is A2(0) = | 0 o o2 | sothat 5%2(0) =
| 0 0 o° 0 0 1
1 0 0
0 1 0 |.and thus pu3 =0,u% =0, u3 = land p* = p2 + p3 + p3 = 1. Obviously
0 0 o
Ay (0), As(0) share common finite and infinite elementary divisors and according to
Theorem 3.5 they are strictly equivalent. From As(o) by inspection
c 0 0 -1 0 0
0O o0 0O 0 -1 0
= - 0 0o 0 0 -1
oEBy — Ay = 0 1 0 o 0 0 ERG[U]
001 0o 1 0
000 0 0 o

Since Ay (0), Az(0) are strictly equivalent there exist constant non-singular matri-
ces M,Q € RS*S such that cE1 — A; = M(0Es — A3)Q. It is easy to verify that two
such matrices are

10 0 0 O 0 1 0 0 O 0 0
01 0 0 1 0 0 1 0 O 0 0
0 0 0 1 1 0 0 0 0 -1 0 0
M= 0 0 -1 0 O 0 Q= 0 0 1 O 0 0
00 0 0 -1 0 o -10 1 -1 O
0O 0 0 0 0 -1 0O 0 0 O 0 -1
In view of diagram (4.22), @ is a (constant) bijection, mapping BENE) ] to
oL —A

(N)
[O'EQ 722] ’
Lyiq1(0),Q,Sryq2(0) and Ly, g2(0), Q1. S, 41(0), we obtain

while Q™! is the inverse map. Furthermore by composing respectively,

1 0 0 O O O 1 0
10000 0 o 1 o0 O o0 o 0 1 1
O 0 O -1 0 o0 c 0
Qi2(c)=0 1 0 0 0 O B
00100 0 O 0 1 0 0 o0 0 o 0
0O -1 0 1 -1 0 a2 0
o o0 O o o0 -1 0 o2
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1 0 0 0 0 0 10 0
01 0 0 0 0 01 0
100000][0 0 0 1 0 0 00 1 1
@)= g10000/[0 0 —10 0 o0 000:[0
0 -1 -1 0 -1 0 0 o 0
00 0 0 0 -1][00 ¢

which are bijective polynomial maps between the behaviors 81(4]\1[30) and 5’1(41\2[20) for
N > 3:

2 1
Q12 (o) : fllc = fi gék = (1) (1) [ %k ] = g%k
%k 0 — €2k _ 12k

&3k g Eokt1

; &1 re
am@:g-a |3 ]=l0 Vo] g |8

1 2
§2k 521@

5. Conclusions

We have introduced the notion of fundamental equivalence of DTARRs over a finite
time interval and characterized the equivalence classes of polynomial matrices giving
rise to fundamentally equivalent DTARRs. This new notion of equivalence is shown to
be closely connected to the generalization, in the case of general polynomial matrices,
of the notion of strict equivalence of matrix pencils, which was originally introduced
in [8] .

The generalized version of strict equivalence for higher order polynomial matrices
has the appealing, from an algebraic point of view property, of preserving the finite and
infinite elementary divisors structure of polynomial matrices, a subject which has not
been studied extensively in the past. This can probably be justified by the fact that
the mainstream research has been focused on the study of continuous-time systems,
where the structural invariants under preservation are the finite and infinite zeros of
polynomial matrices (see [17], [20]). Furthermore, existing work on equivalence of
first order continuous time systems (see [18], [21], [22], [27]), makes no distinction
between the preservation of zeros and elementary divisors, since in the case of matrix
pencils, the orders of IED’s are related to the orders of zeros at infinity by the ”plus
one property” [13]. On the other hand finite and infinite elementary divisors play a
crucial role on the behaviour of discrete time singular systems. When the higher than
one order case is considered (see [6], [16]), the need for an equivalence relation that
preserves both finite and infinite elementary divisors of polynomial matrices becomes
apparent. Strict equivalence of polynomial matrices, is shown to be the necessary
and sufficient condition for the existence of a bijective polynomial map between the
behaviours of the associated DTARRs.

Further research on the subject could address issues like the existence of a closed
formula to test strict equivalence of polynomial matrices (and hence FE of DTARR’s),
instead of characterizing SE polynomial matrices indirectly through their first order
representations. The existence of such a closed formula condition, can be considered as
an intermediate step towards the determination of a parametrization of all polynomial
matrices that are SE to a given polynomial matrix and consequently characterize
equivalence classes of DTARRs in the sense of FE.
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