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ΒΙΟΓΡΑΦΙΚΟ ΣΗΜΕΙΩΜΑ  
 

Ο Ευστάθιος Ν. Αντωνίου γεννήθηκε στις 24/11/1972 στη Λάρισα. Τον Ιούνιο του 
1990 αποφοίτησε από το 2ο Γενικό Λύκειο Λάρισας µε βαθµό «Λίαν Καλώς». Το ίδιο 
έτος και µετά από επιτυχία στις πανελλαδικές εξετάσεις εισήχθηκε στο τµήµα 
µαθηµατικών  του Αριστοτελείου Πανεπιστηµίου Θεσσαλονίκης, από όπου και 
αποφοίτησε τον Οκτώβριο του 1994 µε βαθµό «Λίαν Καλώς». 
 
Το Νοέµβριο του 1994 έγινε δεκτός για την εκπόνηση διδακτορικής διατριβής στο 
τµήµα Μαθηµατικών του ΑΠΘ, υπό την επίβλεψη του καθηγητή Α.Ι.Γ. Βαρδουλάκη, 
µε θέµα της διατριβής «Ανάλυση Ιδιαζόντων Γραµµικών Συστηµάτων ∆ιακριτού 
Χρόνου» (απόφαση Γ.Σ.: 20/6-2-1995). Κατά την διάρκεια της εκπόνησης της 
διατριβής συµµετείχε ως νέος ερευνητής σε πληθώρα ερευνητικών και εκπαιδευτικών 
προγραµµάτων. Μεταξύ αυτών πρόγραµµα ΠΕΝΕ∆ της ΓΓΕΤ µε τίτλο «Ανάπτυξη 
Λογισµικού για την Ανάλυση και Σύνθεση Πολυµεταβλητών Συστηµάτων Αυτοµάτου 
Ελέγχου» (2/96 – 2/98), πρόγραµµα µορφωτικών ανταλλαγών µε την Τσεχία 
(χρηµατοδότηση ΓΓΕΤ) (5/95 – 5/96), European Robust and Adaptive Control 
Network (EURACO) (9/94 – 10/96) και research assistant (EPRSC fellowship) στο 
Department of Applied Mathematics του Loughborough University της Αγγλίας 
(3/98-6/98).  
 
Τα ενδιαφέροντα του κινούνται στο χώρο της Μαθηµατικής Θεωρίας Συστηµάτων 
και ειδικότερα σε αλγεβρικές µεθόδους για ανάλυση και σύνθεση γραµµικών 
πολυµεταβλητών συστηµάτων, ενώ παράλληλα ασχολείται επαγγελµατικά µε την 
ανάπτυξη software µε κύριο προσανατολισµό τις δικτυακές εφαρµογές και το 
internet. 
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ΠΕΡΙΛΗΨΗ 
 
Το αντικείµενο της παρούσας διδακτορικής διατριβής είναι τα ιδιάζοντα γραµµικά 

συστήµατα διακριτού χρόνου. Η περίπτωση των πρωτοβάθµιων κανονικών 

συστηµάτων έχει µελετηθεί στο παρελθόν από διάφορους συγγραφείς, κυρίως σε 

επίπεδο αλγεβρικής και γεωµετρικής ανάλυση. Κύριος στόχος της παρούσας έρευνας 

είναι η επέκταση των αποτελεσµάτων αυτών προς τρεις κατευθύνσεις. Συγκεκριµένα 

η ανάλυση µη-κανονικών πρωτοβάθµιων ιδιαζόντων συστηµάτων, η µελέτη της 

δοµής του χώρου λύσεων (συµπεριφορά) κανονικών αυτοπαλλίνδροµων (AR) 

παραστάσεων και η µέθοδος επίλυσης αυτοπαλλίνδροµων παραστάσεων κινούµενου 

µέσου (ARMA) µε τη χρήση του θεµελιώδους πίνακα. Η δοµή των χώρων λύσεων 

που µελετήθηκαν συσχετίστηκε άµεσα µε την αλγεβρική δοµή των πολυωνυµικών 

πινάκων που περιγράφουν τα αντίστοιχα συστήµατα και ιδιαίτερο βάρος δόθηκε στην 

αλγεβρική δοµή των τελευταίων στο άπειρο.  

 
 
 
 
 

ABSTRACT 
 
The subject of the present PhD thesis is the study of singular linear discrete time 

systems. The regular first-order case has been studied by several authors in the past, 

mainly in an algebraic and geometric analysis level. The main objective of the present 

study is to extend these results towards three directions. In particular, the analysis of 

non-regular first-order singular systems, the study of the structure of the solution 

space (behavior) of auto-regressive (AR) representations and a solution method for 

auto-regressive moving average (ARMA) representation using the fundamental matrix 

sequence. The structure of the solution spaces has been directly connected to the 

algebraic structure of the polynomial matrices describing the corresponding systems 

while special attention has been given on the infinite algebraic structure of the 

matrices involved. 
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TUQKYGKWF­P FKCKSGU­P UQZ �Er� TUQ ¦RGKSQ� 2K RS­UQK G©PCK GMG©PQK OG FG©MUGX � '

�c 2c � � � c & QK QRQ©QK CPUKTUQKYQ¯P TUQZX R¬NQZX UQZ �Er� TUQ ¦RGKSQ� GP­ CPU©TUQKYC QK

FKCKS§UGX OG FG©MUGX � ' & n �c & n 2c � � � c o CPUKTUQKYQ¯P TUC OJFGPKM¦ UQZ �Er� TUQ
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2 CPU©TUSQHQX GP¬X RQNZWPZOKMQ¯ R©PCMC �Er� 5 Uof%odro G©PCK IGPKM¦ §PCX SJU¬X

R©PCMCX MCK ¬YK CRCSC©UJUC CZTUJS¦ MCPQPKM¬X� ¬RWX VC ¨UCP RKVCP¬P CPCOGP¬OGPQ MCU


CPCNQI©C OG UJ DCVOWU¨ RGS©RUWTJ ¬RQZ Q CPU©TUSQHQX GP¬X RQNZWPZOQZ G©PCK R¦PUC

CZTUJS¦ MCPQPKM¨ SJU¨ TZP¦SUJTJ� + MCPQPKM¬UJUC ¨ OJ UQZ CPUKTUS¬HQZ UQZ �Er�

RC©[GK TJOCPUKM¬ S¬NQ TUJP CKUK¬UJUC ¨ OJ GP¬X TZTU¨OCUQX FKCMSKUQ¯ YS¬PQZ ¬RWX VC

I©PGK TCH§X TUQ MGH¦NCKQ ��

6Q CP¦RUZIOC LaurentTG RGSKQY¨ UQZ r '4 UQZ �Er�3� G©PCK IGPKM¦ UJX OQSH¨X

�Er�3� '
3"[
�'�

A�r
�c mrm : 4 : fs

£UCP � � f U¬UG RSQHCP­X Q SJU¬X R©PCMCX �Er�3� FGP G©PCK CZTUJS¦ MCPQPKM¬X� +

KFK¬UJUC CZU¨ TYGU©[GUCK ¦OGTC OG UJP RCSQZT©C OJFGPKM­P TUQ ¦RGKSQ TUQP R©PCMC�Er��
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0G D¦TJ UQ RCSCR¦PW CRQU§NGTOC I©PGUCK RSQHCP§X ¬UK Q �3�Er� G©PCK CZTUJS¦

MCPQPKM¬X G¦P MCK O¬PQ G¦P FGP ZR¦SYQZP MCV¬NQZ OJFGPKM¦ TUQ ¦RGKSQ UQZ �Er� ¨

CPU©TUQKYC CRN¦ MCPQPKM¬X TUJP RGS©RUWTJ RQZ 	̂o ' f�
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��� 3UYWRE¢XPLRL SRO\YQ\PLNR¥ S¥QDNHZ

,FKC©UGSQ GPFK¦HGSQP RCSQZTK¦[GK J CNIGDSKM¨ FQO¨ UWP RSWUQD¦VOKWP RQNZWPZOKM­P

RKP¦MWP �IPWTUQ© TUJP DKDNKQISCH©C WX matrix pencils�� $ZU¬ QHG©NGUCK TUQ ¬UK RQN¯

TZYP¦ YSJTKOQRQKQ¯PUCK IKC UJP OQPUGNQRQ©JTJ TZTUJO¦UWP GLKT­TGWP RS­UQZ DCVOQ¯

U¬TQ TUQ TZPGY¨ ¬TQ MCK TUQ FKCMSKU¬ YS¬PQ �RGSKISCH¨ TUQ �IGPKMGZO§PQ� Y­SQ UWP

MCUCTU¦TGWP�� (L¦NNQZ J HCTOCUKM¨ FQO¨ GP¬X TUCVGSQ¯ R©PCMC � 5 U?f? ORQSG©

¦OGTC PC OGNGUJVG© O§TW UQZ RSWUQD¦VOKQZ RQNZWPZOKMQ¯ R©PCMC rU � �� 0G

CZU¬ UQP US¬RQ QK RSWUQD¦VOKQK RQNZWPZOKMQ© R©PCMGX ORQSQ¯P PC VGWSJVQ¯P TCP

UQ GPFK¦OGTQ D¨OC IKC UJP OGN§UJ RSQDNJO¦UWP KFKQUKO­P TUCVGS­P MCK OGICN¯UGSQZ

DCVOQ¯ RQNZWPZOKM­P RKP¦MWP�

+ IGPKM¨ OQSH¨ GP¬X RSWUQD¦VOKQZ RQNZWPZOKMQ¯ R©PCMC G©PCK�

�Er� ' r. �� 5 U6f?dro

(MU¬X CR¬ UC F¯Q G©FJ OQPQOGUSKM¨X KTQFZPCO©CX �FJN� TUQ F MCK TUQ r ' 4� RQZ

ORQSQ¯P PC GHCSOQTUQ¯P IGPKM¦ TUQZX RQNZWPZOKMQ¯X R©PCMGX� KFKC©UGSQ GPFKCH§SQP

RCSQZTK¦[GK J NGI¬OGPJ CZTUJS¨ KTQFZPCO©C �strict equivalence� RSWUQD¦VOKWP

RKP¦MWP� '©PQZOG UQP RCSCM¦UW QSKTO¬�

2ULVPRZ ���� =�? '«R SUYWRE¢XPLRL SRO\YQ\PLNR¥ S¥QDNHZ ��Er�c �2Er� 5 U6f?dro
RQRP¢]RQWDL D\VWKU¡ LVRGªQDPRL H¢Q�Q�

<� 5 U6f6c � 5 U?f? G �2Er� '���Er��

2K OQPQOGUSKM§X KTQFZPCO©GX §YQZP UJP KFK¬UJUC PC FKCUJSQ¯P CPCNQ©WUJ UJP FQO¨

UWP SJU­P RKP¦MWP TG M¦RQKC GRKNGIO§PC ZRQT¯PQNC UQZ F ^ i4jc ¬RWX UQ F ¨ UQ

i4j RQZ RCSQZTK¦TUJMCP RCSCR¦PW� + CZTUJS¨ KTQFZPCO©C CRCKUG© QK R©PCMGX�c�

PC G©PCK TUCVGSQ©� TUJP QZT©C FJNCF¨ OQPQOGUSKMQ© U¬TQ TUQ F ¬TQ MCK TUQ ¦RGKSQ

UCZU¬YSQPC� $ZU¬ §YGK TCP CRQU§NGTOC J CZTUJS¨ KTQFZPCO©C PC FKCUJSG© UJP FQO¨ UWP

RSWUQD¦VOKWP RQNZWPZOKM­P RKP¦MWP TG ¬NQ UQ F ^ i4j� 3CS¬NC CZU¦ J CZTUJS¨

KTQFZPCO©C FGP ORQSG© PC CRGKMQP©TGK UCZU¬YSQPC UKX Smith - McMillan OQSH§X TUQ

F^ i4j� + RN¨SJX CNIGDSKM¨ FQO¨ UWP RSWUQD¦VOKWP RQNZWPZOKM­P RKP¦MWP ORQSG©
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6C FQOKM¦ TZTUCUKM¦ UJX KroneckerMCPQPKM¨X OQSH¨X CRGKMQP©[QZP RN¨SWX ¬NJ

UJP CNIGDSKM¨ FQO¨ UQZ r. � � U¬TQ TG TY§TJ OG UJP FQO¨ UWP OJFGPKM­P TUQ

F ^ i4jc ¬TQ MCK TG ¬UK CHQS¦ UJP FQO¨ RQZ QHG©NGUCK TG §NNGKOC U¦LJX TUKX

ISCOO§X MCK UKX TU¨NGX UQZ R©PCMC� 6C ORNQM aFc a" CRGKMQP©[QZP TG JordanOQSH¨ UC

RGRGSCTO§PC MCK ¦RGKSC OJFGPKM¦ UWP CPU©TUQKYWP Smith - McMillan OQSH­P� GP­ UC
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RCSCNG©RQPUCK QR¬UG J OQSH¨ RQZ RSQM¯RUGK RSQD¦NGK O¬PQ UJP FQO¨ UWP OJFGPKM­P
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+ FKCFKMCT©C OQPUGNQRQ©JTJX RQN¯RNQMWP TZTUJO¦UWP LGMKP¦GK TZP¨VWX OG UJP

GRKNQI¨ GP¬X TZP¬NQZ OGIGV­P RQZ VGWSQ¯OG QUK GRCSMQ¯P MCU¦ M¦RQKC §PPQKC IKC UJP

RN¨SJ RGSKISCH¨ UQZX� 2K OGUCDNJU§X CZU§X TZPJV©[GUCK PC QPQO¦[QPUCK RGSKISCHKM§X

OGUCDNJU§X �descriptor variables�� 2K RGSKISCHKM§X OGUCDNJU§X §YQZP TZP¨VWX M¦RQKQ

HZTKM¬ P¬JOC IKC UQ T¯TUJOC RQZ RGSKIS¦HQZP� 0RQSG© IKC RCS¦FGKIOC PC G©PCK

HZTKM¦ OGI§VJ ¬RWX V§TGKX� UCY¯UJUGX ¨ FZP¦OGKX TG OKC 1GZU­PKC RGSKISCH¨� UKO§X

¨ RQT¬UJUGX TG QKMQPQOKM¦ TZTU¨OCUC MNR� 5UQ RS­UQ TU¦FKQ UJX OQPUGNQRQ©JTJX

FGP I©PGUCK TZP¨VWX MCOK¦ RSQTR¦VGKC GNCYKTUQRQ©JTJX UQZ CSKVOQ¯ UWP OGUCDNJU­P

CZU­P� CHQ¯ Q TU¬YQX G©PCK CRN¦ OKC RN¨SJX RGSKISCH¨ UQZ TZTU¨OCUQX� 6Q GR¬OGPQ

D¨OC G©PCK J FKCU¯RWTJ UWP TY§TGWP OGUCL¯ UWP RGSKISCHKM­P OGUCDNJU­P� ¬RWX CZU§X

ZRCIQSG¯QPUCK TG OQSH¨ GLKT­TGWP CR¬ UQZX P¬OQZX RQZ FK§RQZP UQ T¯TUJOC� (©PCK

CPCOGP¬OGPQ OGSKM§X CR¬ UKX TY§TGKX CZU§X PC G©PCK FZPCOKM§X� FJNCF¨ PC CPCH§SQPUCK

TG UKO§X UWP OGUCDNJU­P TG FKCHQSGUKM§X YSQPKM§X TUKIO§X� GP­ ¦NNGX CR¬ CZU§X PC G©PCK

MCVCS¦ TUCUKM§X� OG UJP §PPQKC ¬UK G©PCK CRN§X CNIGDSKM§X TY§TGKX OGUCL¯ UWP OGIGV­P�

+ ISCH¨ UWP TY§TGWP CZU­P TG FKCPZTOCUKM¨ OQSH¨ F©PGK UJP NGI¬OGPJ RGSKISCHKM¨

OQSH¨�



AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA�� .CPQPKM¦ RSWUQD¦VOKC TZTU¨OCUC FKCMSKUQ¯ YS¬PQZ

*SCOOKM¦ TZTU¨OCUC TG RGSKISCHKM¨ OQSH¨ TZPCPU­PUCK U¬TQ TG TZPGY¨ ¬TQ MCK

TG FKCMSKU¬ YS¬PQ TG R¦SC RQNN§X RGSKRU­TGKX HZTKM­P� OJYCPKM­P� MQKPWPKM­P�

QKMQPQOKM­P OQPU§NWP� 2 ¬SQX RGSKISCHKM¨ OQSH¨ �descriptor form� QHG©NGUCK TUQ

IGIQP¬X ¬UK Q US¬RQX ISCH¨X UWP OQPU§NWP CZU­P� FGP G©PCK U©RQUC RGSKTT¬UGSQ CR¬

OKC CRN¨ MCUCISCH¨ UWP HZTKM­P GLKT­TGWP RQZ RGSKIS¦HQZP UQ T¯TUJOC� TG OKC

TZORCI¨ OQSH¨ OG UJ DQ¨VGKC RKP¦MWP� 5ZP­PZOQK ¬SQK RQZ TZPCPU­PUCK TZYP¦ TUJP

DKDNKQISCH©C G©PCK� RGSKISCH¨ TUQ IGPKMGZO§PQ Y­SQ UWP MCUCTU¦TGWP �generalized state

space� CHQ¯ CRQUGNQ¯P MCU¦ OKC §PPQKC ¦OGTJ IGP©MGZTJ UJX RGSKISCH¨X TUQ Y­SQ UWP

MCUCTU¦TGWP� RGSKISCH¨ JOKMCU¦TUCTJX �semistate description�� RGRNGIO§PC TZTU¨OCUC

�implicit systems� ¨ IGPKM¬UGSC KFK¦[QPUC RSWUQD¦VOKC TZTU¨OCUC �singular systems��

+ IGPKM¨ OQSH¨ GP¬X ISCOOKMQ¯ RGSKISCHKMQ¯ TZTU¨OCUQX FKCMSKUQ¯ YS¬PQZ G©PCK�

.%&n� ' �%& n��& �����

+& ' �%&

¬RQZ %& G©PCK J FKCPZTOCUKM¨ RGSKISCHKM¨ OGUCDNJU¨� �& G©PCK J G©TQFQX UQZ

TZTU¨OCUQX� +& J §LQFQX UQZ TZTU¨OCUQX� .c�c�c� G©PCK RSCIOCUKMQ© �.c�

RKVCP¬P OJ�UGUS¦IWPQK� R©PCMGX MCU¦NNJNWP FKCTU¦TGWP� 5UJP GKFKM¨ RGS©RUWTJ

. ' U J RGSKISCHKM¨ OQSH¨ CP¦IGUCK TUJP IPWTU¨ RGSKISCH¨ TUQ Y­SQ UWP

MCUCTU¦TGWP� $M¬OJ MCK TUJP RGS©RUWTJ RQZ Q R©PCMCX . G©PCK CPUKTUS§EKOQX� QR¬UG

OG RQNNCRNCTKCTO¬ UJX GL©TWTJX ����� OG.3� CR¬ CSKTUGS¦ MCUCN¨IQZOG TG RGSKISCH¨

Y­SQZ MCUCTU¦TGWP� G©PCK TM¬RKOQ PC CRQH¯IQZOG UJP CPUKTUSQH¨ UQZ. RSQX CRQHZI¨

NCV­P CSKVOJUKM¨X H¯TJX RQZ RSQM¯RUQZP CR¬ §PC U§UQKQ YGKSKTO¬�

2UCP Q R©PCMCX . G©PCK IGPKM¦ OJ�CPUKTUS§EKOQX OKN¦OG IKC §PC KFK¦[QP T¯TUJOC

�singular system�� IGIQP¬X RQZ GMHS¦[GK TG M¦RQKGX RGSKRU­TGKX OKC GNNGKR¨ FZPCOKM¨

RGSKISCH¨ ¨ UJP RCSQZT©C MCVCS¦ CNIGDSKM­P �TUCUKM­P� TZPVJM­P OGUCL¯ UWP

OGIGV­P UJX RGSKISCHKM¨X OGUCDNJU¨X� ;R¬ QSKTO§PGX RSQZRQV§TGKX� QK UGNGZUC©GX

ORQSQ¯P OG MCU¦NNJNQZX IGWOGUSKMQ¯X OGUCTYJOCUKTOQ¯X PC CRQOQPWVQ¯P F©PQPUCX UKX

NGI¬OGPGX OJ�FZPCOKM§X OGUCDNJU§X UQZ TZTU¨OCUQX� *GPKM¬UGSC J CR­NGKC U¦LJX TUQP

R©PCMC. ORQSG© PC TZPGR¦IGUCK IKC GPC T¯TUJOC FKCMSKUQ¯ YS¬PQZ UJP OJ�CKUKCU¨ H¯TJ

UQZ OQPU§NQZ� CHQ¯ G©PCK RSQHCP§X ¬UK J OGUCDNJU¨ %&n� FGP MCVQS©[GUCK OQPQT¨OCPUC

CR¬ UJP RSQJIQ¯OGPJ MCU¦TUCTJ UQZ TZTU¨OCUQX� 0KC GRKRN§QP KFKCKUGS¬UJUC UJX

��
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RGS©RUWTJX CZU¨X G©PCK J CFZPCO©C GRKNQI¨X CZVC©SGUWP CSYKM­P TZPVJM­P� CHQ¯

M¦RQKGX GRKNQI§X MCVKTUQ¯P UQ T¯TUJOC OJ�TZODKDCTU¬� $L©[GK PC TJOGKWVG© ¬UK

TUJP CPU©TUQKYJ RGS©RUWTJ TZTU¨OCUQX TZPGYQ¯X YS¬PQZ J OJ�CPUKTUSGEKO¬UJUC UQZ .

TZPGR¦IGUCK RKVCP¨ CTZP§YGKC UJX RGSKISCHKM¨X OGUCDNJU¨X UJP YSQPKM¨ TUKIO¨ | ' f ¨

CM¬OJ MCK RCSQZT©C MSQZTUKM­P TZPCSU¨TGWP UQZ DiracBE|� �MCK RCSCI­IWP UJX� TUJP

CR¬MSKTJ UQZ�

+ RGS©RUWTJ RQZ §YGK OGNGUJVG© CR¬ RQNNQ¯X TZIISCHG©X �DN§RG R�Y� =��? � =��? �

=��? � =��? � =��? � =�? � =�? � =�? � =��? � =��? � =�? � G©PCK CZU¨ UWP NGI¬OGPWP

MCPQPKM­P �regular� TZTUJO¦UWP� 0G UQP ¬SQ MCPQPKM¦ TZTU¨OCUC GPPQQ¯OG UJP

QKMQI§PGKC UWP RGSKISCHKM­P OQSH­P OG .c� UGUS¦IWPQZX MCK GRKRN§QP OG UJP

KFK¬UJUC _i|db. � �o 9' f IKC TYGF¬P M¦VG b 5 F� + KFK¬UJUC CZU¨ TZPGR¦IGUCK

§OOGTC UJP TZPVJMQNQIJTKO¬UJUC MCK GRKNZTKO¬UJUC UQZ TZTU¨OCUQX� §PPQKGX RQZ

RCSQZTK¦[QPUCK CPCNZUKM¦ RCSCM¦UW TUQ RCS¬P MGH¦NCKQ� 2K RSQTGII©TGKX RQZ §YQZP

RSQUCVG© CPCH§SQPUCK U¬TQ TUJP CPUKOGU­RKTJ UWP TZTUJO¦UWP CZU­P TCP RSQDN¨OCUC

TZPQSKCM­P TZPVJM­P F¯Q TJOG©WP ¬RQZ J YSQPKM¨ OGUCDNJU¨ RGSKQS©[GUCK TG §PC

RGRGSCTO§PQ ZRQT¯PQNQ fc �c2c ���c � UQZ ]nc ¬TQ MCK TUJP MNCTTKM¨ CPUKOGU­RKTJ

G¯SGTJX UWP N¯TGWP R¦PW CR¬ UQ YSQPKM¬ RNC©TKQ ]n�

5UJP DKDNKQISCH©C Q ¬SQX KFK¦[QP T¯TUJOC �singular system� YSJTKOQRQKG©UCK IKC

TZTU¨OCUC RGSKISCHKM¨X OQSH¨X ¬RQZ Q R©PCMCX . G©PCK IGPKM¦ KFK¦[WP MCK RKVCP¬P

OJ�UGUS¦IWPQX� (KFKM¬UGSC TUJP RGS©RUWTJ RQZ QK .c� G©PCK OJ UGUS¦IWPQK ¨ G©PCK

UGUS¦IWPQK CNN¦ _i|db. � �o ' fc ;b 5 F UC TZTU¨OCUC QPQO¦[QPUCK OJ�MCPQPKM¦

�non-regular��

��� 3DUDGH¥JPDWD V\VWKP¢WYQ VH SHULJUDILN¤ PRUI¤

5G CZU¨ UJP RCS¦ISCHQ RCSQZTK¦[QZOG OGSKM¦ YCSCMUJSKTUKM¦ RCSCFG©IOCUC

TZTUJO¦UWP FKCMSKUQ¯ YS¬PQZ TG RGSKISCHKM¨ OQSH¨�

����� 7R G\QDPLN¨ PRQW£OR WR\ Leontief

6Q YCSCMUJSKTUKM¬UGSQ ©TWX RCS¦FGKIOC TZTU¨OCUQX TG RGSKISCHKM¨ OQSH¨ FKCMSKUQ¯

YS¬PQZ G©PCK UQ FZPCOKM¬ OQPU§NQ UQZ Leontief.6Q OQPU§NQ CZU¬ RSQU¦VJMG UQ ���� CR¬
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UQP W. Leontief=�? IKC UJP RGSKISCH¨ OKCX QKMQPQO©CX RQNNCRN­P UQO§WP �multisector

economy�� + OQSH¨ UQZ OQPU§NQZ CZUQ¯ G©PCK�

%& ' �%& n�d%&n� � %&o n _& ������

¬RQZ UQ %& 5 U? G©PCK UQ FK¦PZTOC RQZ RCSKTU¦PGK UC GR©RGFC RCSCIWI¨X UWP FKCH¬SWP

UQO§WP UJP YSQPKM¨ TUKIO¨ &� _& 5 U? G©PCK UQ FK¦PZTOC UJX [¨UJTJX TUQZX CPU©TUQKYQZX

UQOG©X MCK QK R©PCMGX �c� G©PCK TUCVGSQ© RSCIOCUKMQ© R©PCMGX FK¦TUCTJX ? � ?� +

GSOJPG©C UJX ������ G©PCK ¬UK J RCSCIWI¨ %& TUQ CSKTUGS¬ O§NQX UJX GL©TWTJX CPCN¯GUCK

TG ¦VSQKTOC UWP US©WP ¬SWP RQZ GOHCP©[QPUCK TUQ FGLK¬ O§NQX UJX� 2 RS­UQX ¬SQX

�%& G©PCK J RQT¬UJUC RCSCIWI¨X RQZ CRCKUG©UCK WX CRGZVG©CX G©TQFQX IKC UJP US§YQZTC

YSQPKM¨ RGS©QFQ CHQ¯ QK FK¦HQSQK UQOG©X CNNJNQGLCSU­PUCK� 2 R©PCMCX �c QPQO¦[GUCK

R©PCMCX GKTSQ­P�GMSQ­P UQZ LeontiefMCK §YGK OJ CSPJUKMQ¯X ¬SQZX� 2 FG¯UGSQX ¬SQX

�d%&n� � %&o RCSKTU¦PGK UJP RQT¬UJUC RCSCIWI¨X RQZ CRCKUG©UCK IKC RCSCIWIKM¨

GR§MUCTJ TG OQSH¨ MGHCNC©QZ� IKC PC G©PCK FZPCU¨ J RCSCIWI¨ %&n� UJP GR¬OGPJ

YSQPKM¨ RGS©QFQ� 2 R©PCMCX� QPQO¦[GUCK TZPUGNGTU¨X MGHCNC©QZ MCK RGSK§YGK GR©TJX OJ

CSPJUKMQ¯X ¬SQZX� (RKRN§QP UC RGSKTT¬UGSC TUQKYG©C UQZ � G©PCK TZP¨VWX OJF§P� CHQ¯

O¬PQ N©IQK UQOG©X TZPGKTH§SQZP TUJP TZTT­SGZTJ MGHCNC©QZ� 6§NQX Q US©UQX ¬SQX _&

GMHS¦[GK UJP CRGZVG©CX [¨UJTJ TUJP US§YQZTC YSQPKM¨ RGS©QFQ�

2 FG¯UGSQX ¬SQX UQZ FGLKQ¯ O§NQZX UJX GL©TWTJX G©PCK CZU¬X RQZ MCVKTU¦ UQ T¯TUJOC

FZPCOKM¬� CHQ¯ RGSK§YGK UJP FKCHQS¦ RCSCIWI¨X CP¦OGTC TG F¯Q FKCFQYKM§X YSQPKM§X

TUKIO§X� *S¦HQPUCX UQ T¯TUJOC TG RGSKISCHKM¨ OQSH¨ §YQZOG

�%&n� ' EU ��n��%& � _& ������

5UJP UZRKM¨ UQZ OQSH¨ Q R©PCMCX� G©PCK OJ CPUKTUS§EKOQX� IGIQP¬X RQZ OCX CRCIQSG¯GK

PC GPUQR©TQZOG OKC CPCFSQOKM¨ N¯TJ RSQX UC GORS¬X UJX OQSH¨X

%&n� ' �3�dEU ��n��%& � _&o

IPWS©[QPUCX UJP CSYKM¨ UKO¨ %f MCK UJP [¨UJTJ _& TCP GLWUGSKM¨ G©TQFQ TUQ T¯TUJOC�

�PCX GRKRN§QP RGSKQSKTO¬X RQZ GOHCP©[GUCK ¦OGTC ZR¬ UQ H­X OKCX RSQMCUCSMUKM¨X

CP¦NZTJX� CHQS¦ UJP GNGZVGS©C TUJP GRKNQI¨ UWP CSYKM­P TZPVJM­P� 2 RGSKQSKTO¬X

CZU¬X CPUCPCMN¦ §OOGTC UJP OJ CKUKCU¨ H¯TJ UQZ OQPU§NQZ TCP GIIGPP¨ KFKQUJU¦ UQZ�
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$L©[GK PC TJOGK­TQZOG QUK CM¬OJ MCK J RCSCFQY¨ UJX MCPQPKM¬UJUCX UQZ RSWUQD¦VOKQZ

RQNZWPZOKMQ¯ R©PCMC j� � EU � � n �� �FJN� ¬UK _i|Ej� � EU � � n ��� 9' f IKC

TYGF¬P M¦VG j 5 F� RQZ I©PGUCK CR¬ CSMGUQ¯X TZIISCHG©X =��? � =��? � =�? � =��? � ORQSG©
PC OJP G©PCK CSMGU¨�

����� 7R V«VWKPD 

SURJQ©VHYQ



�PC FG¯UGSQ RCS¦FGKIOC RQZ GRKFGKMP¯PGK MCVCS¦ UQ OJ CKUKCU¬ YCSCMU¨SC UWP

TZTUJO¦UWP TG RGSKISCHKM¨ OQSH¨� G©PCK UQ T¯TUJOC RQZ §YGK TCP §LQFQ UJP G©TQFQ

UQZ TUJP GR¬OGPJ YSQPKM¨ TUKIO¨ (pure predictor=��? �� 6Q 

RGS©GSIQ

 CZU¬ T¯TUJOC

FGP G©PCK HZTKM¦ RSCIOCUQRQ©JTKOQ� CNN¦ J RSCIO¦UWT¨ UQZ TG RGSKISCHKM¨ OQSH¨

CRQUGNG© OKC RQN¯ MCN¨ §PFGKLJ UQZ G¯SQZX UWP TZTUJO¦UWP RQZ ORQSQ¯P GMHSCTUQ¯P

TUJP OQSH¨ CZU¨�

$P +& G©PCK J §LQFQX GP¬X U§UQKQZ TZTU¨OCUQX MCK �& J CPU©TUQKYJ G©TQFQX UQZ� U¬UG

ORQSQ¯OG PC IS¦EQZOG UJP TY§TJ GKT¬FQZ�GL¬FQZ
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G©PCK RSQHCP§X ¬UK J ������ IS¦HGUCK TG RGSKISCHKM¨ OQSH¨ WX�
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2R©PCMCX TUQ CSKTUGS¬ O§NQX UJX RCSCR¦PW GL©TWTJX G©PCK KFK¦[WP IGIQP¬X RQZ MCVKTU¦

UQ T¯TUJOC OJ GRKN¯TKOQ RSQX UC GORS¬X �DN§RG RCS� �����

����� %£OWLVWRZ £OHJ[RZ � (M¥VYVK WR\ Riccati

+ FKCMSKU¨ GL©TWTJ UQZ RiccatiGOHCP©[GUCK TG RSQDN¨OCUC DGNUKTUQ¯ GN§IYQZ (optimal

control� WX UQ UGNKM¬ D¨OC IKC UJP GR©NZTJ UWP RSQDNJO¦UWP CZU­P� + UZRKM¨ OQSH¨

UQZ RSQDN¨OCUQX IKC UJP RGS©RUWTJ D§NUKTUQZ GN§IYQZ �RGRGSCTO§PQZ QS©[QPUC� GP¬X

TZTU¨OCUQX TUQ Y­SQ UWP MCUCTU¦TGWP FKCUZR­PGUCK WX GL¨X�

�TUW UQ T¯TUJOC FKCMSKUQ¯ YS¬PQZ
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UQ QRQ©Q TZPF§GUCK OG M¬TUQX RQZ GMHS¦[GUCK O§TW UGUSCIWPKM­P OQSH­P CR¬ UJ TY§TJ

a '
�

2
%A���%� n

�

2

�3�[
�'f
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¬RQZ � G©PCK UQ UGNQX UJX YSQPKM¨X RGSK¬FQZ R¦PW CR¬ UJP QRQ©C I©PGUCK J

GNCYKTUQRQ©JTJ UQZ M¬TUQZX a � �� � ' MCK - G©PCK VGUKM¦ JOKQSKTO§PGX UGUSCIWPKM§X

OQSH§X� (KT¦IWPUCX UQP RQNNCRNCTKCTU¨ UQZ Hamilton

b& ' �&%&c b� ' ��%�

��& ' � A
& � MCK GHCSO¬[QPUCX UKX TZPV¨MGX TUCTKO¬UJUCX RSQM¯RUQZP QK TY§TGKX

b& ' �Ab&n� n'%& ������

-�& n�Ab&n� ' f ������

5ZPFZ¦[QPUCX UKX TY§TGKX ������� ������� ������ ORQSQ¯OG PC FKCUZR­TQZOG UKX TZPV¨MGX

DGNUKTUQRQ©JTJX TCP �QOQIGP¨� GL©TWTJ TG RGSKISCHKM¨ OQSH¨�5
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+ GL©TWTJ Riccati �TUJP OJ KFK¦[QZTC RGS©RUWTJ� FJN� CP _i|E- n �A�&�� 9' f� RQZ

TZPFG§UCK OG UQ RS¬DNJOC §YGK UJP OQSH¨

�&3� ' �A�&���A�&�E-n�A�&��3��A�&�n' ������

2 RSWUQD¦VOKQX RQNZWPZOKM¬X R©PCMCX

MEj� ' j

5
7 U f f
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QPQO¦[GUCK (NWHWDP£QRZ ;DPLOWRQLDQ¨Z 3¥QDNDZ �Extended Hamiltonian Pencil=�? � RQZ

CPUKTUQKYG© TUJP GL©TWTJ UQZ Riccati (2.18).

$L©[GK PC TJOGK­TQZOG ¬UK J RGSKISCHKM¨ GL©TWTJ ������ G©PCK KFK¦[QZTC CHQ¯ QK

R©PCMGX RQZ GOHCP©[QPUCK TG CZU¨ G©PCK OJ UGUS¦IWPQK� + GR©NZTJ UJX GL©TWTJX ������
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TCP RS¬DNJOC TZPQSKCM­P TZPVJM­P TUQ T¯PQNQ & ' fc �c ���c � MCK ¬YK CRN¦ TCP

CPCFSQOKM¨ TY§TJ RSQX UC GORS¬X �¨ R©TW� G©PCK RSQHCP­X GRKDGDNJO§PJ CR¬ UJP ©FKC

UJP H¯TJ UQZ RSQDN¨OCUQX�

����� 'LDV\QGHP£QD V\VW¤PDWD PHJ¢OKZ NO¥PDNDZ

6C TZTU¨OCUC OGI¦NJX MN©OCMCX G©PCK TZYP¦ TM¬RKOQ PC OQPUGNQRQKQ¯PUCK TCP

FKCTZPF§TGKX OKMS¬UGSWP CRN­P TZTUJO¦UWP� .¦VG §PC CR¬ UC ZRQTZTU¨OCUC CZU¦

RGSKIS¦HGUCK CR¬ GLKT­TGKX TUQP Y­SQ MCUCTU¦TGWP UJX OQSH¨X�
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& n���
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¬RQZ %�&c �
�
&c 5

�
& UC FKCP¯TOCUC MCU¦TUCTJX� GKT¬FQZ MCK GL¬FQZ UQZ ZRQTZTU¨OCUQX

� CPU©TUQKYC� GP­ ��c ��c ��c(� G©PCK TUCVGSQ© RSCIOCUKMQ© R©PCMGX MCU¦NNJNWP

FKCTU¦TGWP RQZ RGSKIS¦HQZP UC TZTU¨OCUC CZU¦� IKC � ' �c 2c � � � R� 5ZPFZ¦[QPUCX UKX

GLKT­TGKX ������ TG ORNQM FKCI­PKC OQSH¨ORQSQ¯OG PC IS¦EQZOG

%&n� ' �%& n��& ������

5& ' �%& n(�&

(TUW U­SC +& MCK �& J TZPQNKM¨ §LQFQX MCK G©TQFQX UQZ FKCTZPFGO§PQZ TZTU¨OCUQX

CPUKTUQKYC� + FKCT¯PFGTJ UWP ZRQTZTUJO¦UWP U¬UG §YGK UJP IGPKM¨ OQSH¨

�& ' g5& n��& n�+& ������

+& ' �5& n'�& n-�&

¬RQZ QK R©PCMGX gc�c�c�c'c- G©PCK TUCVGSQ© MCU¦NNJNWP FKCTU¦TGWP MCK

RGSKIS¦HQZP UKX FKCTZPF§TGKX OGUCL¯ UWP FKCH¬SWP TJO¦UWP� 5UJP IGPKM¨ RGS©RUWTJ

FGP G©PCK FZPCU¬ PC PC TZPFZ¦TQZOG UKX ������ MCK ������ ­TUG PC RGU¯YQZOG OKC

RGSKISCH¨ UQZ TZTU¨OCUQX TUQ Y­SQ UWP MCUCTU¦TGWP� + O¬PJ RGSKISCH¨ RQZ G©PCK

FZPCU¨ TG M¦VG RGS©RUWTJ G©PCK J RGSKISCHKM¨ OQSH¨ UQZ TZTU¨OCUQX� J QRQ©C G©PCK5
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3SQHCP­X J RCSCR¦PW OQSH¨ GOR©RUGK TUJ IGPKM¨ MCUJIQS©C TZTUJO¦UWP TG

RGSKISCHKM¨ OQSH¨�

����� 7R GLDNULW¨ 

LVRG«QDPR

 HQ¨Z V\QH[R«Z V\VW¤PDWRZ

6Q RCS¦FGKIOC RQZ RCSQZTK¦[QZOG RSQ§SYGUCK CR¬ UJP =�? � 7GWSQ¯OG UQ KFK¦[QP

T¯TUJOC TZPGYQ¯X YS¬PQZ�

. �%E|� ' �%E|� n��E|� ������

¬RQZ %E|� G©PCK UQ RGSKISCHKM¬ FK¦PZTOC TZPGYQ¯X YS¬PQZ� .c� 5 URf? MCK � 5
URf6 G©PCK TUCVGSQ© R©PCMGX RQZ RGSKIS¦HQZP UQ T¯TUJOC IKC | 5 Un� (HCSO¬[QPUCX

OGUCTYJOCUKTO¬ LaplaceMCK TUC F¯Q O§NJ UJX ������ §YQZOG

Er. ���fEr� ' .%Ef� n�LEr� ������

¬RQZ fEr� ' Oi%E|�j MCK LEr� ' Oi�E|�j� �PCX US¬RQX PC IS¦EQZOG UQ T¯TUJOC

������ TG OKC 

KTQF¯PCOJ

 RGSKISCH¨ FKCMSKUQ¯ YS¬PQZ� CMQNQZVQ¯OG UJP RCSCM¦UW

FKCFKMCT©C� $PCRU¯TQZOG UKX TZPCSU¨TGKX fEr� MCK LEr� TG TGKS¦ LaurentTG RGSKQY¨

UQZ r '4c QR¬UG §YQZOG�
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¬RQZ > G©PCK Q O§IKTUQX DCVO¬X UQZ r RQZ GOHCP©[GUCK TUC fEr� MCK L Er��

$PUKMCVKTU­PUCX UKX ������ TUJP ������ MCK GLKT­PQPUCX FZP¦OGKX FZP¦OGKX UQZ rc

RC©SPQZOG UJP RCSCM¦UW CPCFSQOKM¨ OQSH¨�

.%&n� ' �%& n��& n B&.%Ef�c ¬RQZ B& ' f IKC & 9' f MCK Bf ' � ������

J QRQ©C G©PCK MCU¦ OKC §PPQKC 

KTQF¯PCOJ

 RGSKISCHKM¨ OQSH¨ FKCMSKUQ¯ YS¬PQZ

RQZ CPUKTUQKYG© TUJP TZPGY¨ GL©TWTJ ������� CHQ¯ GRKN¯QPUCX UJP ������ IKC & '

fc �c 2c � � � c4 GRKUZIY¦PQZOG GR©TJX UJP N¯TJ UJX �������
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��� (SLO\VLP¨WKWD NDL V\QXKNRORJKVLP¨WKWD

2K §PPQKGX UJX GRKNZTKO¬UJUCX �solvability� MCK TZPVJMQNQIJTKO¬UJUCX �conditionability�

IKC RGSKISCHKM¦ TZTU¨OCUC RCSQZTK¦[QPUCK TUJP =��? MCK CPCH§SQPUCK TUJP RGS©RUWTJ

UWP YSQPKM¦ OGUCDCN¬OGPWP UGUS¦IWPWP TZTUJO¦UWP� 5UJP TZIMGMSKO§PJ RGS©RUWTJ

VC RGSKQSKTUQ¯OG TUJP YSQPKM¦ COGU¦DNJUJ RGS©RUWTJ CHQ¯ CZU¨ MZS©WX OCX CHQS¦�

+ CP¦NZTJ RQZ RCSQZTK¦[QZOG RSQ§SYGUCK CR¬ UJP =��? � 6Q YSQPKM¬ RNC©TKQ RQZ

YSJTKOQRQKG©UCK G©PCK §PC RGRGSCTO§PQ T¯PQNQ & ' fc�c 2c � � � c� � � CPU© UQZ ]n�

�YQPUCX MCVQS©TGK UQP RGRGSCTO§PQ YSQPKM¬ QS©[QPUC IKC UQ T¯TUJOC ORQSQ¯OG PC

IS¦EQZOG UJP ����� RKQ CPCNZUKM¦5
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¨ YSJTKOQRQK¬PUCX OKC RKQ T¯PUQOJ ISCH¨
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3SQHCP­X J GL©TWTJ ������ MCK TZPGR­X MCK J ����� G©PCK GRKN¯TKOJ IKC M¦VG RKVCP¬ TGU

GKT¬FWP �fc ��c � � � ��3� G¦P MCK O¬PQ G¦P

-E��� � -E���

¬RQZ -E�� TZODQN©[GK UQ T¯PQNQ UKO­P UQZ CPU©TUQKYQZ R©PCMC�

'©PQZOG UQP RCSCM¦UW QSKTO¬

2ULVPRZ ��� =��? 7R SHULJUDILN¨ V«VWKPD ������ RQRP¢]HWDL HSLO«V\PR H¢Q�Q JLD N¢XH

VHW HLV¨GYQ �fc ��c � � � ��3� \S¢U[HL O«VK %fc %�c � � � %� �

�OGTJ TZP§RGKC UJX RCSCR¦PW CP¦NZTJX G©PCK UQ RCSCM¦UW�
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M QPQO¦[GUCK deflatingZRQY­SQX UQZ [§ZIQZX .c� G¦P�P _�4E.M n�M � ' _�4EM ��

3SQHCP­X Q QSKTO¬X UQZ deflating ZRQY­SQZ UCZU©[GUCK OG CZU¬P UQZ CPCNNQ©WUQZ

ZRQY­SQZ IKC UQ [§ZIQX �cU� *KC §PC MCPQPKM¬ RSWUQD¦VOKQ R©PCMC j. � � §YQZOG

UQ CM¬NQZVQ CRQU§NGTOC

/KPPD ���� =�? �VWY £QD NDQRQLN¨Z SUYWRE¢XPLRZ S¥QDNDZ j. � � NDL M cJ G«R

deflating \SR[©URL WR\ ]H«JR\Z .c� PH WKQ LGL¨WKWD M � J ' U?� 7¨WH

E.M n�M �� E.J n�J� ' U
?

�TUW FZQ deflatingZRQY­SQK OG UJP KFK¬UJUC M � J ' U?� 2S©[QZOG �M ' E.M n

�M � MCK �J ' E.J n �J�c QR¬UG T¯OHWPC OG UQ RCSCR¦PW N¨OOC �M � �J ' U?�

0GUCTYJOCU©[QZOG U­SC UJP ����� TG P§GX D¦TGKX T¯OHWPC OG UKX CPCN¯TGKX UQZ Y­SQZ

U? TG M � J ' U? MCK �M � �J ' U?� 'JNCF¨ GPUQR©[QZOG R©PCMGX 7T c 	T c 7Lc 	L §UTK

­TUG M ' -E 7T �c J ' -E 	T �c �M ' -E 7L �c �J ' -E 	L� MCK QS©[QZOG T ' d7T c 	T o MCK

L ' d 7Lc 	L o� 6¬UG

L3�dj. ��c�oT '

�
j 7. � 7� f 7�

f j 	. � 	� 	�

�
������

¬RQZ QK R©PCMGX 7.c 7�c 	.c 	�c 7�c 	� QS©[QPUCK CR¬ UJP ������� 2 OGUCTYJOCUKTO¬X

CZU¬X CPUKTUQKYG© TG §PC OGUCTYJOCUKTO¬ UQZ FKCPZTOCUKMQ¯ Y­SQZ UJX RGSKISCHKM¨X

OGUCDNJU¨X UJX OQSH¨X A ' T 3�� 2R¬UG J P§C RGSKISCHKM¨ OGUCDNJU¨ G©PCK

	%& ' A%& ������

0§YSK TUKIO¨X FGP G©PCK LGM¦VCSQ RQKQ G©PCK UQ ¬HGNQX UQZ RCSCR¦PW OGUCTYJOCUKTOQ¯

CHQ¯ QK R©PCMGX 7.c 7�c 	.c 	� RQZ RGSKIS¦HQZP UC F¯Q ZRQTZTU¨OCUC FGP §YQZP IGPKM¦

MCOK¦ KFKC©UGSJ KFK¬UJUC� 7§UQZOG NQKR¬P M¦RQKQZX RGSKQSKTOQ¯X TUJP GRKNQI¨ UWP
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ZRQY­SWP M cJ� ­TUG PC RGU¯YQZOG 7.c 	� CPUKTUS§EKOQZX� IGIQP¬X RQZ OCX GRKUS§RGK

PC GRKN¯TQZOG CPCFSQOKM¦ UKX GLKT­TGKX�

*KC PC GRKU¯YQZOG M¦UK U§UQKQ GRKTUSCUG¯QZOG F¯Q CPCFSQOKMQ¯X CNIQS©VOQZX RQZ

GOHCP©[QPUCK TUJP =��? � �TUW [&c\& � U? RQZ QS©[QPUCK CR¬ UKX TY§TGKX

[&n� ' �3�E.[&�c [f ' U
? ������

\& ' .3�E�\&n��c \? ' U? ������

IKC & ' fc�c � � � c ? � �� 6Q T¯ODQNQ E��3� TUJP TZIMGMSKO§PJ RGS©RUWTJ TJOC©PGK

CPU©TUSQHJ GKM¬PC UQZ CPU©TUQKYQZ OGUCTYJOCUKTOQ¯�

2S©[QZOG =��? UJP DU[LN¤ SROODSO¨WKWD MU G' [? MCK UJP WHOLN¤ SROODSO¨WKWD M8 G'

\f� 3CSCUJSQ¯OG ¬UK �MU � .MU MCK .M8 � �M8 c ¦SC MU cM8 G©PCK deflating

ZRQY­SQK IKC UQ [G¯IQX .c�� �YQZOG UQ CM¬NQZVQ CRQU§NGTOC

8HYUKPD ���� =�? �VWY j.�� £QDZ NDQRQLN¨Z SUYWRE¢XPLRZ S¥QDNDZ NDLM cJ � U?

G«R deflating \SR[©URL WYQ .c� PH M � J ' U?� (SLSO£RQ \SRX£WR\PH ¨WL M � MU

NDL J � M8 � 7¨WH JLD WLZ E¢VHLZ SR\ [UKVLPRSRLR«QWDL VWLZ DQDO«VHLZ M � J ' U? NDL
�M � �J ' U? RL S¥QDNHZ 7. NDL 	� H¥QDL DQWLVWU£FLPRL�

$S¨GHLMK� 2R©PCMCX 7. G©PCK Q RGSKQSKTO¬X UQZ. TUQM OG RGF©Q UKO­P �M c �M m.mM ��YGK
FGKYVG© TUJP =��? ¬UK Q .mMU G©PCK §PC RSQX §PC G¦P�P Q j. �� G©PCK MCPQPKM¬X� 2R¬UG

.mM cM � MU G©PCK §PC RSQX §PC� ¦SC MCK
�M m.mM G©PCK §PC RSQX §PC� 3CS¬OQKC Q 	� G©PCK

�Jm�mJc RQZ G©PCK §PC RSQX §PC G¦P�P Q j. �� G©PCK MCPQPKM¬X� (RKRN§QP CHQ¯ QK 7. MCK

	� G©PCK UGUS¦IWPQK GLCKU©CX UQZ RGSKQTO§PQZ RGF©QZ UKO­P UQZX� G©PCK CPUKTUS§EKOQK�

6Q RCSCR¦PW VG­SJOC OCX GRKUS§RGK PC IS¦EQZOG UJP RCSCM¦UW forward - backward

CP¦NZTJ IKC UJP ������ RQZ DCT©[GUCK TUJP GRKNQI¨ deflatingZRQY­SWP M �J ' U? IKC

UQP RGSKISCHKM¬ Y­SQ� �TUW
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�

¬RQZ %s& 5 M � MU MCK %K& 5 J � M8 � 6¬UG CR¬ UJP ������ TG TZPFZCTO¬ OG UQ

RCSCR¦PW CRQU§NGTOC ORQSQ¯OG PC IS¦EQZOG

	%s&n� ' 7.3� 7�	%s& n
7.3� 7��& ������

	%K& ' 	�3� 	.	%K&n� � 	�3� 	��& ������

��



AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA��� Forward - BackwardCP¦NZTJ

IKC & ' fc �c � � � � � �� 6C TZTU¨OCUC ������� ������ QPQO¦[QPUCK CPU©TUQKYC forward

ZRQT¯TUJOC RQZ ORQSG© PC NZVG© MCPQPKM¦ RSQX UC GORS¬X FGFQO§PQZ UQZ 	%sf MCK

backwardZRQT¯TUJOC RQZ ORQSG© PC NZVG© RSQX UC R©TW FGFQO§PQZ UQZ 	%K� �

�TUW k�m�l� ' -E�� n �-E�� n �2-E�� n � � � n ��3�-E��� 6¬UG CR¬ UJP

������ ORQSQ¯OG PC QS©TQZOG UQP Y­SQ UWP V\PELEDVW©Q DU[LN©Q V\QXKN©Q IKC UJP

TZIMGMSKO§PJ CP¦NZTJ M � J ' U
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V\QXKN©Q WX
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7.3� 7�m 7.3� 7�
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+ RSQT§IIKTJ CZU¨ FG©YPGK LGM¦VCSC ¬UK ORQSQ¯OG PC GRKN§LQZOG UQP US¬RQ RQZ

GKT¦IQPUCK QK GRKRNG¬P RGSKQSKTOQ© IKC UQP GPUQRKTO¬ OKCX OQPCFKM¨X N¯TJX OG FK¦HQSQZX

US¬RQZX� + O§VQFQX G©PCK ¦OGTC TZIMS©TKOJ OG CZU¨ UJX RSQJIQ¯OGPJX RCSCIS¦HQZ�

¬RQZ QK RGSKQSKTOQ© CZUQ© GMHS¦[QPUCK MCU¦ OJ OQPCFKM¬ US¬RQ CR¬ UJP TZPQSKCM¨

CRGKM¬PKTJ�

'©PQZOG U­SC OKC MNGKTU¨ H¬SOQZNC N¯TJX RQZ ORQSG© PC TZIMSKVG© OG UJP O§VQFQ UJX



FKRN¨X T¦SWTJX

 �double sweep� RQZ RCSQZTK¦[GUCK TUJP =��? � $SYKM¦ RSQTFKQS©[QZOG

UQ 	%s& FGFQO§PWP UWP CSYKM­P TZPVJM­P 	%sf IKC ¬NC UC & YSJTKOQRQK­PUCX UJP �������

5UJP TZP§YGKC RSQTFKQS©[QZOG UJP RSQX UC R©TW T¦SWTJ� MCK ZRQNQI©[QZOG UC 	%K&

FGFQO§PWP UWP 	%s� MCK 	%K� � 3KQ TZIMGMSKO§PC IS¦HQZOG
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�
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5UJP RGS©RUWTJ RQZ GRKVZOQ¯OG PC GRKN§LQZOG CZVC©SGUC ¬TQ UQ FZPCU¬P RGSKTT¬UGSGX

CSYKM§X ¨ UGNKM§X TZPV¨MGX RS§RGK PC FKCN§LQZOG MCU¦NNJNC UJP CP¦NZTJ M �J ' U?�

*KC UQ TMQR¬ CZU¬ YSJTKOQRQ©QZOG UJP CPCFSQOKM¨ TY§TJ ������ MCK QS©[QZOG

M�U ' \J IKC \? ' f

�YQZOG UQ CM¬NQZVQ CRQU§NGTOC

8HYUKPD ���� =�? �VWY M ' MU NDL J ' M�U � 7¨WH M � J ' U?c J � M8 RS¨WH

£[R\PH PLD forward - backwardDQ¢O\VK WR\ V\VW¤PDWRZ NDL HSLSO£RQ
D� 	�3� 	. H¥QDL PKGHQRG«QDPRZ

E� 2 [©URZ M H¥QDL RP£JLVWRZ \SR[©URZ SR\ NDXLVW¢ WRQ S¥QDND 7. ' �M m.mM
DQWLVWU£FLPR�

$S¨GHLMK� 3CSCUJSQ¯OG ¬UK J ' M� ¬RWX QS©[GUCK TUJP =��? MCK YSJTKOQRQKQ¯OG UC

GMG© CRQUGN§TOCUC�

:SJTKOQRQK­PUCX UQ RCSCR¦PW CRQU§NGTOC ORQSQ¯OG PC GRKN§LQZOG OKC O§IKTUJ

forwardCP¦NZTJ IKC UQ T¯TUJOC OCX� J QRQ©C OCX GRKUS§RGK PC GRKN§LQZOG CZVC©SGUC

¬TQ UQ FZPCU¬P RGSKTT¬UGSGX CSYKM§X TZPV¨MGX� + CP¦NZTJ CZU¨ CPUKTUQKYG© OG UJP

CP¦NZTJ UQZ RSWUQD¦VOKQZ R©PCMC j. �� TUJP WeierstrassMCPQPKM¨ OQSH¨ UQZ�

$PU©TUQKYC IKC UJP CPU©VGUJ RGS©RUWTJ V§UQZOG TUJP ������ [f ' f MCK QS©[QZOG

M�8 ' [� c QR¬UG §YQZOG UQ RCSCM¦UW

8HYUKPD ���� =�? �VWY J ' M8 NDL M ' M�8 � 7¨WH M � J ' U?c M � MU RS¨WH

£[R\PH PLD forward - backwardDQ¢O\VK WR\ V\VW¤PDWRZ NDL HSLSO£RQ
D� 7.3� 7� H¥QDL PKGHQRG«QDPRZ

E� 2 [©URZJ H¥QDL R P£JLVWRZ \SR[©URZ SR\ NDXLVW¢ WRQ S¥QDND 7� ' �Jm�mJ DQWLVWU£FLPR�

$S¨GHLMK� 3CS¬OQKC OG UQ RSQJIQ¯OGPQ VG­SJOC�

(RKN§IQPUCX J ' M8 MCK M ' M�8 RGUZYC©PQZOG OKC O§IKTUJ backwardCP¦NZTJ

UQZ TZTU¨OCUQX� J QRQ©C OCX GRKUS§RGK PC GRKN§LQZOG CZVC©SGUC ¬TQ UQ FZPCU¬P

RGSKTT¬UGSGX UGNKM§X TZPV¨MGX�

5JOGK­TUG ¬UK YSJTKOQRQK­PUCX UJP CP¦NZTJ RQZ RCSQZTK¦[GUCK TUJP =��? ORQSG©

PC CRQFGKYVG© ¬UK TUJP RGS©RUWTJ UJX O§IKTUJX forward CP¦NZTJX� J FK¦TUCTJ UQZ

forward ZRQY­SQZ QR¬UG MCK Q CSKVO¬X UWP CZVC©SGUWP CSYKM­P TZPVJM­P G©PCK

_i} mj. ��m � 5UJP CPU©VGUJ RGS©RUWTJ J FK¦TUCTJ UQZ O§IKTUQZ backwardZRQY­SQZ

G©PCK _i} mj�� .m �
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0KC O§VQFQX N¯TJX UJX ����� RQZ RCSQZTK¦[GK KFKC©UGSQ GPFKCH§SQP U¬TQ CR¬ VGWSJUKM¨X

¬TQ MCK CR¬ ZRQNQIKTUKM¨X ¦RQEJX G©PCK CZU¨ RQZ DCT©[GUCK TUJ YS¨TJ UQZ VGOGNK­FQZX

R©PCMC �fundamental matrix�� + O§VQFQX MCV­X MCK RQNN§X TJOCPUKM§X CNIGDSKM§X

KFK¬UJUGX UQZ R©PCMC CZUQ¯ RCSQZTK¦[QPUCK TUJP =�? � 2K N¯TGKX RQZ ORQSQ¯P PC

ZRQNQIKTUQ¯P OG D¦TJ UJ O§VQFQ CZU¨ MCUCU¦TQPUCK TG USG©X MCUJIQS©GX CP¦NQIC OG UQP

US¬RQ CPUKOGU­RKTJX UQZ TZTU¨OCUQX ����� MCK MCU¦ TZP§RGKC UJP GRKNQI¨ UQZ YSQPKMQ¯

FKCTU¨OCUQX� 5UJP RGS©RUWTJ RQZ UQ T¯TUJOC ����� CPUKOGUWR©[GUCK TCP RS¬DNJOC

TZPQSKCM­P TZPVJM­P R¦PW CR¬ UQ RGRGSCTO§PQ T¯PQNQ & ' fc �c2c � � � � §YQZOG §PC

MNGKTU¬ U¯RQ ZRQNQIKTOQ¯ UJX NGI¬OGPJX TZOOGUSKM¨X N¯TJX� $PU©VGUC TG RGS©RUWTJ

RQZ UC YSQPKM¦ FKCTU¨OCUC G©PCK OJ RGRGSCTO§PC ¬RWX UQ ]n ¨ UQ ]3c §YQZOG N¯TGKX

RSQX UC GORS¬X MCK RSQX UC R©TW CPU©TUQKYC� (RKRN§QP UJX TJOCPUKM¨X UJX GZGNKL©CX�

J O§VQFQX RCSQZTK¦[GK UQ RNGQP§MUJOC UJX TYGUKM¦ CRN¨X ZRQNQIKTUKM¨X ZNQRQ©JTJX�
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AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA��� /¯TJ OG UJ YS¨TJ UQZ VGOGNK­FQZX R©PCMC

$L©[GK PC TJOGKWVG© ¬UK OKC IGP©MGZTJ UJX TZIMGMSKO§PJX OGV¬FQZ TG TZTU¨OCUC DCVOQ¯

OGICNZU§SQZ UQZ RS­UQZ RCSQZTK¦[GUCK TUQ MGH¦NCKQ ��

'GFQO§PJX UJX TZPV¨MJX MCPQPKM¬UJUCX UQZ RSWUQD¦VOKQZ R©PCMC Ej.���c _i|Ej.�
�� 9' f IKC TYGF¬P M¦VG j 5 F� RQZ GOHCP©[GUCK TUJP ������ ORQSQ¯OG PC IS¦EQZOG UQ

CP¦RUZIOC LaurentUQZ Ej. ���3� TUJP RGSKQY¨ UQZ j '4c UQ QRQ©Q §YGK UJP OQSH¨
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2ULVPRZ ���� + DNROR\X¥D SLQ¢NYQ x�c � ' �>c�> n �c � � � c4 � SR\ RU¥]HWDL DS¨

WKQ V[£VK ������ RQRP¢]HWDL SURZ WD HPSU¨Z XHPHOL©GKZ S¥QDNDZ WR\ SUYWRE¢XPLR\

SRO\YQ\PLNR« S¥QDND Ej. ����

$PU©TUQKYC CP UQ CP¦RUZIOC LaurentUQZ Ej. � ��3� TUJP RGSKQY¨ UQZ j ' f §YGK UJP

OQSH¨

Ej. ���3� '
"[

�'3R

T3�j
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DS¨ WKQ V[£VK ������ RQRP¢]HWDL SURZ WD S¥VY XHPHOL©GKZ S¥QDNDZ WR\ SUYWRE¢XPLR\

SRO\YQ\PLNR« S¥QDND Ej. ����

5UQ GL¨X OG UQP ¬SQ VGOGNK­FJX R©PCMCX VC GPPQG©UCK Q RSQX UC GORS¬X VGOGNK­FJX

R©PCMCX GMU¬X CP CPCH§SGUCK TCH­X UQ CPU©VGUQ�

5UJP RGS©RUWTJ UQZ TZTU¨OCUQX RQZ RGSKIS¦HGUCK TUQ Y­SQ UWP MCUCTU¦TGWP� FJN�

. ' Uc CRQFGKMP¯GUCK G¯MQNC ¬UK x� ' f IKC � 	 f MCK x� ' �� IKC � � f�

2 VGOGNK­FJX R©PCMCX §YGK RQNN§X CLKQTJOG©WUGX CNIGDSKM§X KFK¬UJUGX QK QRQ©GX

¦NNWTUG UQP MCVKTUQ¯P MCK U¬TQ TJOCPUKM¬ TUJP OGN§UJ UWP ISCOOKM­P TZTUJO¦UWP�

$PCH§SQZOG GPFGKMUKM¦ OGSKM§X CR¬ CZU§X

8HYUKPD ���� =�? �VWY Ej. ��� NDQRQLN¨Z NDL x� R XHPHOL©GKZ S¥QDNDZ WR\� 7¨WH
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£RWX CPCH§SVJMG RCSCR¦PW Q VGOGNK­FJX R©PCMCX ORQSG© PC YSJTKOQRQKJVG© IKC UQP
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GL©TWTJX UQZ Riccati� ¬RQZ GOHCP©[GUCK Q GMUGUCO§PQX RSWUQD¦VOKQX :COKNUQPKCP¬X

R©PCMCX �Extended Hamiltonian Pencil EHP)�DN§RG =�? � =�? ��

+ MCPQPKM¨ RGS©RUWTJ §YGK OGNGUJVG© CR¬ RQNNQ¯X TZIISCHG©X �DN§RG IKC RCS¦FGKIOC

=��? � =��? � =�? � =�? � =�? � =��? MNR�� MCK FK¦HQSGX RSQTGII©TGKX §YQZP RSQUCVG©� 5G

¬NGX CZU§X UKX OGN§UGX HC©PGUCK ¬UK QK CSYKM§X TZPV¨MGX UJX RGSKISCHKM¨X GL©TWTJX FGP

ORQSQ¯P PC GRKNGIQ¯P CZVC©SGUC� CHQ¯ G©PCK FZPCU¬ CZU§X PC MCUCTU¨TQZP UQ T¯TUJOC

OJ�GRKN¯TKOQ� (RKRN§QP §YGK FGKYVG© ¬UK Q RGSKQSKTO¬X UQZ YSQPKMQ¯ FKCTU¨OCUQX CR¬

UQ ]n TG §PC RGRGSCTO§PQ ZRQT¯PQNQ UQZ MCK J GRKNQI¨ MCU¦NNJNWP TZPQSKCM­P

TZPVJM­P TUC ¦MSC §YGK TCP CRQU§NGTOC UQP OQPCFKM¬ MCVQSKTO¬ UWP GPFK¦OGTWP UKO­P

UJX RGSKISCHKM¨X OGUCDNJU¨X� FJNCF¨ UJX N¯TJX� + OJ�CKUKCU¨ H¯TJ UWP RGSKISCHKM­P

TZTUJO¦UWP ORQSG© PC GMHSCTUG© G©UG O§TW UJX RSQX UC GORS¬X � RSQX UC R©TW CP¦NZTJX

UQZ TZTU¨OCUQX �forward-backward decomposistion� =�? � ¬RQZ UQ CSYKM¬ T¯TUJOC

CPCN¯GUCK TG §PC CKUKCU¬ MCK TG §PC CPUK�CKUKCU¬ O§SQX ¨ O§TW UJX GL©TWTJX CRGKM¬PKTJX

UWP TZPQSKCM­P UKO­P �boundary mapping equation� =��? � RQZ RC©[GK UQ S¬NQ UQZ

IGPKMGZO§PQZ R©PCMC OGU¦DCTJX IKC UJP KFK¦[QZTC GL©TWTJ�

$R¬ UJP TMQRK¦ UJX VGWS©CX TZORGSKHQS¦X �behavioral approach� UC OJ�UGUS¦IWPC

RGSKISCHKM¦ TZTU¨OCUC §YQZP OGNGUJVG© U¬TQ TUQP TZPGY¨ ¬TQ MCK TUQ FKCMSKU¬ YS¬PQ

�DN§RG GPFGKMUKM¦ =�? � =��? � =��? �� YWS©X ¬OWX PC FQVG© §OHCTJ TUQP S¬NQ UJX FQO¨X UWP

TZTUJO¦UWP TUQ ¦RGKSQ� $ZU¬ §YGK TCP CRQU§NGTOC TUJP RGS©RUWTJ UWP TZTUJO¦UWP

FKCMSKUQ¯ YS¬PQZ� J VGWS©C TZOGSKHQS¦X PC OJP NCOD¦PGK ZR¬EKP UJP OJ�CKUKCU¨ H¯TJ

UWP KFKC[¬PUWP TZTUJO¦UWP� $ZU¬ QHG©NGUCK TUQ IGIQP¬X ¬UK TUJP VGWS©C TZORGSKHQS¦X

J CKUK¬UJUC UJX TZORGSKHQS¦X UQZ TZTU¨OCUQX G©PCK a prioriZR¬VGTJ MCK TZPGR­X� UQ ]n

TCP RGF©Q UQZ YS¬PQZ� G©PCK UQ HZTKM¬ RNC©TKQ GSICT©CX� (RKRN§QP I©PGUCK OKC VGOGNK­FJX

FK¦MSKTJ OGUCL¯ UQZ TZTU¨OCUQX MCK UJX OCVJOCUKM¨X UQZ RGSKISCH¨X� 5¯OHWPC OG

UJP VGWS©C TZOGSKHQS¦X� UQ T¯TUJOC �DN§RG =��? � =��? � QS©[GUCK WX UQ T¯PQNQ ¬NWP

UWP RKVCP­P USQYK­P RQZ ORQSG© PC RSQM¯EQZP TCP CRQU§NGTOC M¦RQKQZ HZTKMQ¯�

OJYCPKMQ¯� MQKPWPKMQ¯ ¨ QKMQPQOKMQ¯ HCKPQO§PQZ� .CU¦ CZU¨ UJP §PPQKC J OCVJOCUKM¨
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RGSKISCH¨ UQZ TZTU¨OCUQX ORQSG© PC R¦SGK FK¦HQSGX OQSH§X CP¦NQIC OG UQP US¬RQ RQZ

GRKN§IGK MCPG©X PC UQ OQPUGNQRQK¨TGK�

+ RSQT§IIKTJ RQZ CMQNQZVQ¯OG OQK¦[GK RGSKTT¬UGSQ OG CZU§X TUKX =��? � =��? � =�? � =�? �

=�? � =��? � RCS¦ OG CZU¨ UJX VGWS©C TZORGSKHQS¦X� 5ZIMGMSKO§PC� GLGU¦[QZOG UQ T¯PQNQ

N¯TGWP OKCX FGFQO§PJX OJ�MCPQPKM¨X RGSKISCHKM¨X GL©TWTJX YWS©X PC M¦PQZOG MCOK¦ GM

UWP RSQU§SWP ZR¬VGTJ IKC UJP CKUK¬UJUC UJX TZORGSKHQS¦X UQZ TZTU¨OCUQX� + §PPQKC

UJX TZPVJMQNQIJTKO¬UJUCX �conditionability� RQZ GOHCP©[GUCK TUJP =��? � GRGMUG©PGUCK

MCU¦ HZTKM¬ US¬RQ TUJP OJ�UGUS¦IWPJ RGS©RUWTJ MCK FG©YPGUCK PC RC©[GK TJOCPUKM¬

S¬NQ TUJP UCLKP¬OJTJ UWP N¯TGWP�
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+ §PPQKC UJX TZPVJMQNQIJTKO¬UJUCX �conditionability� ORQSG© PC GRGMUCVG© TUJP OJ�

MCPQPKM¨ RGS©RUWTJ� 5UJP =��? §PC GRKN¯TKOQ T¯TUJOC QS©[GUCK WX TZPVJMQNQI¨TKOQ

CP QRQKCF¨RQUG GRKNQI¨ �CRQFGMU­P� TZPQSKCM­P UKO­P %fc %� c MCVQS©[GK OQPCFKM¦ UJP
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MCPQPKM¨� YSQPKM¦ CPCNNQ©WUJ RGS©RUWTJ UC TZTU¨OCUC G©PCK R¦PUC TZPVJMQNQI¨TKOC�

5UJP RGS©RUWTJ OCX ������ UC TZTU¨OCUC FGP G©PCK IGPKM¦ TZPVJMQNQI¨TKOC� RQZ

TJOC©PGK ¬UK QK TZPQSKCM§X UKO§X %fc %� FGP GRCSMQ¯P IKC PC MCVQS©TQZP OQPCFKM¦ UC

%& 5 E� *KC PC I©PGK G¯MQNC CPUKNJRUQ CZU¬ CSMG© PC VGWS¨TQZOG F¯Q N¯TGKX UJX ������
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TZTU¨OCUQX�

6Q CP¦RUZIOC LaurentUQZ �Ej�3� TUJP RGSKQY¨ UQZ j ' f TUJP (5.157)TZPF§GUCK OG

UQ CP¦RUZIOC LaurentTUJP RGSKQY¨ UQZ j ' 4 UQZ CPU©TUSQHQZ UQZ FZªMQ¯ R©PCMC

��Ej� ' �fj
^n��j

^3�n � � �n�^ UQZ�Ej�� 5UJP TZP§YGKC CRQFGKMP¯QZOG UQ RCSCM¦UW

N¨OOC�

/KPPD ��� =�? �VWY WR DQ¢SW\JPD Laurent VWR ¢SHLUR WR\ ��Ej�3�

��Ej�3� ' �Msj
s n �Ms3�j

s3� n � � � c mjm : 4 : f �������

NDL £VWY ¨WL K (5.157)G¥QHL WR DQ¢SW\JPD Laurent VWKQ SHULR[¤ WR\ j ' f WR\ �Ej�3�.
7¨WH

^ n s ' � NDL T3� ' �M3�nsn� � ' �c �� �c ��c��c �� �������

$S¨GHLMK� �YQZOG
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�
�
j

�/ �Ej�3� ' j3^ ��
�
�
j

�3� ED��DH�/
�Ej�3� ' j3^

k
�Msj3s n �Ms3�j3sn� n � � �

l
' �Msj3^3s n �Ms3�j3^3sn� n � � �
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(LKT­PQPUCX UKX FZP¦OGKX UQZ j TUJP RCSCR¦PW TY§TJ CRQFGKMP¯QZOG UQ CRQU§NGTOC

UQZ N¨OOCUQX

�OGTJ TZP§RGKC UQZ RCSCR¦PW N¨OOCUQX G©PCK ¬UK Q CNI¬SKVOQX U¯RQZ LeverrierTUJP =�?

ORQSG© PC YSJTKOQRQKJVG© IKC UQP ZRQNQIKTO¬ U¬TQ UQZ RSQX UC GORS¬X� ¬TQ MCK RSQX UC

R©TW VGOGNK­FQZX R©PCMC UQZ TZTU¨OCUQX��PC GPFKCH§SQP CRQU§NGTOC RQZ TZPF§GK UKX

N¯TGKX UJX ARMA - RCS¦TUCTJX (5.151)MCK UJX FZªM¨X UJX�

�^�+& n�^3��+&n� n � � �n�f�+&n^ ' �^��& n�^3���&n� n � � �n�f��&n^ �������

R¦PW CR¬ UQ RGRGSCTO§PQ T¯PQNQ & ' fc �c ���c �� 3KQ TZIMGMSKO§PC ORQSQ¯OG PC

FKCUZR­TQZOG MCK PC CRQFG©LQZOG UC RCSCM¦UW�
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8HYUKPD ��� =�? �D� $Q �+& H¥QDL PLD O«VK WKZ (5.161)JLD N¢SRLD PK�PKGHQLN¤ H¥VRGR

��&c W¨WH K DNROR\X¥D +& ' �+�3& H¥QDL PLD O«VK WKZ G\¦N¤Z WKZ HM¥VYVKZ (5.151)JLD WKQ
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�E� $Q +& H¥QDL PLD O«VK WKZ (5.151)JLD N¢SRLD PK�PKGHQLN¤ H¥VRGR �&c W¨WH K DNROR\X¥D

�+& ' +�3& H¥QDL PLD O«VK WKZ G\¦N¤Z WKZ HM¥VYVKZ (5.161)JLD WKQ H¥VRGR ��& ' ��3&�

$S¨GHLMK� �C� �TUW �+& O©C N¯TJ UJX (5.161).6¬UG J GL©TWTJ (5.161)KMCPQRQKG©UCK CR¬

UJP �+&� 7GWSQ¯OG U­SC UJP GL©TWTJ (5.151).$P V§TQZOG +& ' �+�3& MCK �& ' ���3&

MCK N¦DQZOG ZR¬EKP UJP TY§TJ RSQHCP¨ +&n� ' �+�3E&n��c �&n� ' ���3E&n��c � ' fc�c ��c ^

§YQZOG

�Ej��+�3& '
Ŝ
�'f

���+�3&3�
ED��S��
'

Ŝ
�'f

�����3&3�
�&'���3&

' �Ej����3& �������

�D� + CR¬FGKLJ UQZ FG¯UGSQZ O§SQZX UQZ VGWS¨OCUQX G©PCK CMSKD­X CP¦NQIJ�

�OGTJ TZP§RGKC UQZ RCSCR¦PW VGWS¨OCUQX G©PCK UQ IGIQP¬X ¬UK J RSQX UC R©TW N¯TJ UJX

GL©TWTJX (5.151)ORQSG© PC ZRQNQIKTUG© WX RSQX UC GORS¬X N¯TJ UJX FZªM¨X GL©TWTJX

(5.161).

��� /«VHLZ ARMA - SDUDVW¢VHYQ

*KC UKX N¯TGKX UJX GL©TWTJX (5.151)ORQSQ¯OG PC VGWS¨TQZOG USG©X GMFQY§X =�? �

� /COD¦PQPUCX ZR¬EKP UKX FGFQO§PGX CSYKM§X TZPV¨MGX i+fc +�c ���c +^3�j MCK

GRKVZOQ¯OG UQP RSQTFKQSKTO¬ UJX N¯TJX +& SURZ WD HPSU¨Z FGFQO§PJX UJX GKT¬FQZ�

� /COD¦PQPUCX ZR¬EKP UKX FGFQO§PGX UGNKM§X TZOV¨MGX i+� c +�3�c ���c +�3^n�j MCK
GRKVZOQ¯OG UQP RSQTFKQSKTO¬ UJX N¯TJX +& SURZ WD S¥VY FGFQO§PJX UJX GKT¬FQZ�

� 7GWS­PUCX UJP GL©TWTJ (5.151)CRN¦ TCP OKC TY§TJ GKT¬FQZ�GL¬FQZ YWS©X

PC M¦PQZOG ZRQV§TGKX IKC UJP CKUK¬UJUC. <JUQ¯OGPJ G©PCK J N¯TJ +& IKC

& ' ^c ^ n �c ���c � � ^ TG TY§TJ OG UC FKCP¯TOCUC CSYKM­P�UGNKM­P TZPVJM­P MCK

FGFQO§PJX UJX GKT¬FQZ TUQ T¯PQNQ & ' fc �c ���c �� 2PQO¦[QZOG CZUQ¯ UQZ G©FQZX UJP

N¯TJ UJX (5.151)V\PPHWULN¤�
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����� 3URZ WD HPSU¨Z O«VK WKZ ARMA - SDU¢VWDVKZ

7GWSQ¯OG UJP ARMA - RCS¦TUCTJ FKCMSKUQ¯ YS¬PQZ (5.151)¬RQZ Q RQNZWPZOKM¬X

R©PCMCX �Ej� G©PCK MCPQPKM¬X� FJN� _i|�Ej� 9' f IKC TYGF¬P M¦VG j MCK UQ CP¦RUZIOC

LaurentCZUQ¯ TUQ j '4. 6¬UG KTY¯GK UQ RCSCM¦UW

8HYUKPD ��� =�? + SURZ WD HPSU¨Z O«VK (5.151)H¥QDL
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$S¨GHLMK� (LKT­PQPUCX UKX FZP¦OGKX UQZ j TUJP TY§TJ �Ej� ��Ej�3� ' Uo §YQZOG UKX

UCZU¬UJUGX
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M�3?�? ' B�Uo �������

¬RQZ B� ' f IKC � 9' f MCK Bf ' �� $PUKMCVKTU­PUCX UQ +& CR¬ UJP (5.163)TUJP (5.151)

MCK YSJTKOQRQK­PUCX UJP (5.164)RCSCUJSQ¯OG ¬UK J (5.151)KMCPQRQKG©UCK�

(©PCK TJOCPUKM¬ PC UQP©TQZOG ¬UK QK ARMA - RCSCTU¦TGKX FKCMSKUQ¯ YS¬PQZ FGP

§YQZP R¦PUC N¯TJ� 0KC KMCP¨ MCK CPCIMC©C TZPV¨MJ ­TUG J (5.151)PC §YGK OKC N¯TJ

FGFQO§PWP UWP CSYKM­P TZPVJM­P i+fc +�c ���c +^3�j G©PCK J (5.151)PC KMCPQRQKG©UCK IKC
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$S¨GHLMK� 7GWSQ¯OG UJP TY§TJ (5.151)IKC & ' fc �c ���c ^ � � MCK CPUKMCVKTUQ¯OG UKX

UKO§X +^c +^n�c ���c +2^3� YSJTKOQRQK­PUCX UQP U¯RQ (5.163)MCK UJP TY§TJ (5.164)� 6¬UG

QK CSYKM§X UKO§X i+fc +�c ���c +^3�j KMCPQRQKQ¯P UQ T¯TUJOC CP MCK O¬PQ CP J (5.165)

KMCPQRQKG©UCK�

£RWX DN§RQZOG CR¬ UJP (5.163) J N¯TJ UJX (5.151) ZRQNQI©[GUCK TZPCSU¨TGK UWP

CSYKM­P TZPVJM­P i+fc +�c ���c +^3�j MCK UJX CMQNQZV©CX GKT¬FWP UQZ TZTU¨OCUQX� �PC
RSQHCP§X OGKQP§MUJOC UJX OGV¬FQZ G©PCK ¬UK IKC UQP ZRQNQIKTO¬ UJX GL¬FQZ +& IKC

& ' ^c ^n�c ��c CRCKUQ¯PUCK QK TZPUGNGTU§XM� UQZ VGOGNK­FQZX R©PCMC UQZ TZTU¨OCUQX�

5UJP RGS©RUWTJ RQZ CRCKUG©UCK Q ZRQNQIKTO¬X UJX +& IKC §PC TYGUKM¦ OGI¦NQ T¯PQNQ�

R�Y� IKC & ' ^c ^ n �c ���c�ff� VC YSGKC[¬OCTUG UQZX R©PCMGX M3�f�cM3�ffc ���cM	̂o c

UWP QRQ©WP Q ZRQNQIKTO¬X CRCKUG© CSMGU¦ OGI¦NJ ZRQNQIKTUKM¨ RSQTR¦VGKC� �PCX

GPCNNCMUKM¬X US¬RQX ZRQNQIKTOQ¯ UJX +& G©PCK J YS¨TJ OKCX CPCFSQOKM¨X TY§TJX�

FJNCF¨ Q ZRQNQIKTO¬X UZYQ¯TCX GL¬FQZ +& TZPCSU¨TGK UWP RSQJIQ¯OGPWP ^ GL¬FWP

i+&3�c +&32c ���c +&3^j MCK ¬YK TZPCSU¨TGK UWP ^ CSYKM­P UKO­P i+fc +�c ���c +^3�j� 5G CZU¨
UJP RGS©RUWTJ UQ RN¨VQX UWP TZPUGNGTU§TUWP M� RQZ CRCKUQ¯PUCK G©PCK TUCVGS¬ MCK

TZIMGMSKO§PQ �FJNCF¨ CPGL¦SUJUQ UQZ &� MCK TZIMGMSKO§PC M3^cM3^n�c ���cM	̂o �

3RULVPD ��� =�? + HM¥VYVK (5.163)H¥QDL LVRG«QDPK PH WKQ DQDGURPLN¤ V[£VK�
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$S¨GHLMK� 6Q T¯TUJOC G©PCK YSQPKM¦ CPCNQ©WUQ� §UTK J TY§TJ RQZ TZPF§GK UJP

+& OG UKX RSQJIQ¯OGPGX ^ GL¬FQZX i+&3�c +&32c ���c +&3^j VC G©PCK ©FKC OG UJP TY§TJ

RQZ TZPF§GK UJP +^ OG UC FKCP¯TOCUC i+^3�c +^32c ���c +fj� $P CPUKMCUCTU¨TQZOG UC

i+^c +^3�c ���c +fj OG i+&c +&3�c ���c +&3^j CPU©TUQKYC MCK UKX GKT¬FQZX i�fc ��c ���c �2^n	̂oj
OG UKX i�&3^c �&3^n�c ���c �&n^n	̂oj TUJP (5.163)RC©SPQZOG UJP (5.167)�

6Q RNGQP§MUJOC UJX TY§TJX (5.167)G©PCK� ¬RWX ¨FJ §YQZOG CPCH§SGK� ¬UK CRCKUQ¯PCUCK

O¬PQ ^ n 	̂o n � TZPUGNGTU§X UQZ CPRU¯IOCUQX Laurent MCK TZIMGMSKO§PC QK ¬SQK

iM3^cM3^n�c ���cMfc ���cM	̂oj� $ZU¨ J O§VQFQX G©PCK KFKC©UGSC CRQUGNGTOCUKM¨ ¬UCP
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CRCKUG©UCK Q ZRQNQIKTO¬X UJX +& TUQ T¯PQNQ & ' ^c ^ n �c ^ n 2c ���� GLCKU©CX UQZ

IGIQP¬UQX ¬UK Q ZRQNQIKTO¬X UWP +^c +^n�c ��� I©PGUCK FKCFQYKM¦ TG CPU©VGTJ OG UJP TY§TJ

(5.163)¬RQZ O¬PQ QK ^ RS­UGX UKO§X UQZ +& CRCKUQ¯PUCK� �PC FG¯UGSQ RNGQP§MUJOC

UJX TY§TJX (5.167) G©PCK ¬UK §YQZOG TJOCPUKM¨ OG©WTJ UWP CSKVOJUKM­P THCNO¦UWP

CRQMQR¨X ¨ TUSQIIZNQRQ©JTJX MCU¦ UQP ZRQNQIKTO¬ UWP ^ n 	̂o n � TZPUGNGTU­P

iM3^cM3^n�c ���cMfc ���cM	̂oj TG TY§TJ OG UQP ZRQNQIKTO¬ UWP iM3&c ���cM	̂oj TUJP

(5.163)�

����� 3URZ WD S¥VY O«VK WKZ ARMA - SDU¢VWDVKZ

7GWSQ¯OG UJP ARMA � RCS¦TUCTJ (5.151)MCK UQ CP¦RUZIOC LaurentTUJP RGSKQY¨ UQZ

j ' f UQZ VGOGNK­FQZX R©PCMC F©PGUCK TUJP (5.157)� 6¬UG §YQZOG�
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$S¨GHLMK� 3SQTFKQS©[QZOG UJP RSQX UC GORS¬X N¯TJ UJX FZªM¨X GL©TWTJX O§TW UJX

(5.161)MCK YSJTKOQRQKQ¯OG UQ VG­SJOC ����

,MCP¨ MCK CPCIMC©C TZPV¨MJ ­TUG J ARMA RCS¦TUCTJ (5.151)PC §YGK N¯TJ G©PCK QK

UGNKM§X TZPV¨MGX i+� c +�3�c ���c +�3^n�j PC KMCPQRQKG© UJP (5.151)IKC & ' �c � � �,

...,� � ^ n �� 5UJP TZP§YGKC F©PQZOG UQP RCSCM¦UW QSKTO¬�
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$S¨GHLMK� 7GWSQ¯OG UJP GL©TWTJ (5.151)IKC & ' � � ^c� � ^ � �c ���c� � 2^ n �.

$PUKMCVKTU­PUCX UC +�3^, +�3^3�, ..., +�32^n� M¦PQPUCX YS¨TJ UQZ CPU©TUQKYQZ U¯RQZ

TUJP (5.168)MCK YSJTKOQRQK­PUCX UJP (5.164)RC©SPQZOG UKX UGNKM§X TZPV¨MGX i+� c +�3�,
���c +�3^n�j QK QRQ©GX KMCPQRQKQ¯P UQ T¯TUJOC CP MCK O¬PQ CP J (5.169)KMCPQRQKG©UCK�

2 RSQX UC R©TW CPCFSQOKM¬X U¯RQX RQZ F©PGK UJP §LQFQ TZPCSU¨TGK UQP ^ GR¬OGPWP UKO­P

UQZ +& MCK UJX GKT¬FQZ F©PGUCK CR¬ UQ RCSCM¦UW�

3RULVPD ��� =�? + HM¥VYVK (5.168)H¥QDL LVRG«QDPK PH WKQ SDUDN¢WY SURZ WD S¥VY

DQDGURPLN¤ V[£VK�
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$S¨GHLMK� + CR¬FGKLJ G©PCK CP¦NQIJ UJX RGS©RUWTJX UJX RSQX UC GORS¬X CPCFSQOKM¨X

TY§TJX (5.167).

6Q RNGQP§MUJOC UQZ U¯RQZ ED��.�� G©PCK ¬UK J N¯TJ +&� CRCKUG© UJP IP­TJ O¬PQ UWP

^ n �n � ¬SWP UQZ VGOGNK­FQZX R©PCMC dT^c T^3�c ���T3�o�

����� 6\PPHWULN¤ O«VK WKZ ARMA - SDU¢VWDVKZ

5G CZU¨ UJP RCS¦ISCHQ VGWSQ¯OG UJP (5.151)TCP OKC TY§TJ CP¦OGTC TUJP §LQFQ +&

MCK UJP G©TQFQ �& R¦PW CR¬ UQ RGRGSCTO§PQ T¯PQNQ & ' fc �c ���c � � ¬RQZ UQ & FGP G©PCK

CRCSC©UJUC YSQPKM¨ OGUCDNJU¨� 7GWSQ¯OG UJP ARMA - RCS¦TUCTJ FKCMSKUQ¯ YS¬PQZ

(5.151)MCK UQ CP¦RUZIOC LaurentTUQ ¦RGKSQ UQZ VGOGNK­FQZX R©PCMC UQZ TZTU¨OCUQX

CRQ UJP (5.156).
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5UJP RSQX UC GORS¬X � TZOOGUSKM¨ RGS©RUWTJ J N¯TJ +& F©PGUCK IKC UQ FK¦TUJOC

dfc � o CNN¦ J N¯TJ GLCSU¦UCK CR¬ UKX ^ UGNKM§X UKO§X i+� c +�3�c���c +�3^n�j MCK UKX

RSQJIQ¯OGPGX ^ UKO§X i+&3�c +&32c ���c +&3^j TG CPU©VGTJ OG UJP TZOOGUSKM¨ N¯TJ� ¬RQZ J
N¯TJ GLCSU¦UCK CR¬ UKX ^ CSYKMM§X UKO§X i+fc +�c ���c +^3�j� .CU¦ CZUJ UJP §PPQKC J N¯TJ
G©PCK UQZN¦YKTUQP OGSKM­X OKC RSQX UC GORS¬X CPCFSQOKM¨ TY§TJ�

3CS¬OQKC TUJP RSQX UC R©TW � TZOOGUSKMJ RGS©RUWTJ J N¯TJ +& F©PGUCK LCP¦

IKC UQ FK¦TUJOC dfc � o CNN¦ CZU¨ UJ HQS¦ GLCSU¦UCK CR¬ UKX ^ CSYKM§X UKO§X

i+fc +�c ���c +^3�j MCK UKX ^ GR¬OGPGX UKO§X i+&n�c +&n2c ���c +&n^j MCK ¬YK CR¬ UKX ^ UGNKM§X
UKO§X i+� c +�3�c���c +�3^n�j� $PU©TUQKYC J N¯TJ G©PCK OGSKM­X OKC CPCFSQOKM¨ TY§TJ

RSQX UC R©TW�

��� 6\PSHU¢VPDWD

5UQ MGH¦NCKQ CZU¬ GLGU¦[QZOG UJP N¯TJX UJX MCPQPKM¨X CZUQRCNN©PFSQOJX ��+���

RCS¦TUCTJX MCK RSQUG©PQZOG USG©X FKCHQSGUKM§X N¯TGKX� 2K N¯TGKX CZU§X FKCMS©PQPUCK

CR¬ UQP US¬RQ VG­SJTJX UJX CZUQRCNN©PFSQOJX GL©TWTJX CPU©TUQKYC� WX RSQX UC

GORS¬X CPCFSQOKM¨ TY§TJ� RSQX UC R©TW CPCFSQOKM¨ TY§TJ MCK WX TZOOGUSKM¬

TZPQSKCM¬ RS¬DNJOC F¯Q TJOG©WP� QR¬UG MCK I©PGUCK J GRKNQIJ UQZ CPU©TUQKYQZ YSQPKMQ¯

���
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FKCTU¨OCUQX R¦PW CR¬ UQ QRQ©Q GLGU¦[GUCK J N¯TJ� 2K N¯TGKX CZU§X CRQUGNQ¯P ¦OGTJ

IGP©MGZTJ UWP CRQUGNGTO¦UWP RQZ RCSQZTK¦[QPUCK TUJP =�? IKC UJP GKFKM¨ RGS©RUWTJ

UWP RSWUQD¦VOKWP TZTUJO¦UWP FKCMUSKUQ¯ YS¬PQZ �TZTU¨OCUC TG RGSKISCHKM¨ OQSH¨ �
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6C KFK¦[QPUC TZTU¨OCUC FKCMSKUQ¯ YS¬PQZ� TG CPU©VGTJ OG CZU¦ UQZ TZPGYQ¯X

YS¬PQZ� CRQUGNQ¯P OKC MCUJIQS©C TZTUJO¦UWP RQZ MCU¦ UJ IP­OJ OCX FGP §YGK

OGNGUJVG© GRCSM­X� $ZU¬ QHG©NGUCK MCU¦ §PC O§SQX TUJP KFKQOQSH©C UWP TZTUJO¦UWP

CZU­P TG TY§TJ OG UJP OJ CKUKCU¨ TZORGSKHQS¦ UQZX� IGIQP¬X RQZ UC MCVKTU¦ OJ

RSCIOCUQRQK¨TKOC CR¬ HZTKM¨X ¦RQEJX� 2K GSGZPJU§X TUQ Y­SQ UWP TZTUJO¦UWP

GN§IYQZ GRKMGPUS­VJMCP MCU¦ M¯SKQ N¬IQ TG CRN¦ TZTU¨OCUC FKCMSKUQ¯ YS¬PQZ UQZ

Y­SQZ UWP MCUCTU¦TGWP MCK MZS©WX TUJP OGN§UJ CZU­P TUQ RGF©Q UJX TZYP¬UJUCX� 5G

TZPFZCTO¬ OG UJ SCIFC©C CP¦RUZLJ UJX EJHKCM¨X UGYPQNQI©CX� J §SGZPC CZU¨ §FWTG

R¦SC RQNN¦ RSCMUKM¦ CRQUGN§TOCUC ¬RWX J VGWS©C UWP FGKIOCUQNJRUKM­P TZTUJO¦UWP

�sampled systems�� $ZU¬ G©YG TCP TZP§RGKC UC KFK¦[QPUC TZTU¨OCUC FKCMSKUQ¯ YS¬PQZ

PC OG©PQZP §LW CR¬ UC GPFKCH§SQPUC UJX GRKTUJOQPKM¨X §SGZPCX UQZ Y­SQZ� GMU¬X ©TWX

CR¬ GN¦YKTUGX GLCKS§TGKX� + MZSK¬UGSJ CHQSO¨ IKC UJ OGN§UJ TZTUJO¦UWP CZUQ¯ UQZ

U¯RQZ LGM©PJTG CR¬ UQ OQPU§NQ UQZ Leontief TUJP QKMQPQO©C� ¬RQZ IKC RS­UJ HQS¦

J OJ CPUKTUSGEKO¬UJUC UQZ TZPUGNGTU¨ UQZ %&n� GOHCP©TUJMG TG M¦RQKQ RSCIOCUKM¬

T¯TUJOC� GP­ OKC GR©TJX TJOCPUKM¨ ­VJTJ F¬VJMG OG CHQSO¨ UJP GOH¦PKTJ KFKC[¬PUWP

TZPUGNGTU­P TUQP GMUGUCO§PQ :COKNUQPKCP¬ R©PCMC TG RSQDN¨OCUC D§NUKTUQZ GN§IYQZ�

0KC GRKRN§QP FK¦TUCTJ TUQ V§OC F©PGUCK CR¬ UQ IGIQP¬X ¬UK G©PCK RQN¯ RKVCP¬ J

RCS¦OGUSQX & PC OJP G©PCK MCP OGUCDNJU¨ YSQPKMQ¯ YCSCMU¨SC� CNN¦ YWSKM¨ �R�Y� TG

OQPU§NC FK¦FQTJX VGSO¬UJUCX�� RQZ MCVKTU¦ UJP RGSKISCHKM¨ OQSH¨ UQP RN§QP HZTKM¬

US¬RQ OQPUGNQRQ©JTJX�
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+ RSQT§IIKTJ RQZ CMQNQZV¨VJMG IKC UJP OGN§UJ UWP KFKC[¬PUWP TZTUJO¦UWP DCT©TUJMG

TUJP RGSKISCH¨ TUQ RGF©QZ UQZ YS¬PQZ� CHQ¯ UQ RGF©Q UJX TZYP¬UJUCX MS©PGUCK O¦NNQP

CMCU¦NNJNQ TG RSQDN¨OCUC RGRGSCTO§PQZ YSQPKMQ¯ QS©[QPUC� $¯UQ I©PGUCK RSQHCP§X

CP M¦RQKQX RSQTRCV¨TGK PC GHCSO¬TGK UQ IPWTU¬ OGUCTYJOCUKTO¬ ] TG RGSKISCHKM¦

¨ IGPKM¬UGSC TG RQNZWPZOKM¦ TZTU¨OCUC� 6Q CRQU§NGTOC UQZ OGUCTYJOCUKTOQ¯ UQZ %&c

%E5� VC RGSK§YGK IGPKM¦ MCK §PC RQNZWPZOKM¬ O§SQX UQ QRQ©Q FGP ORQSG© PC GSOJPGZVG©�

(©PCK IPWTU¬ ¬UK Q TZPUGNGTU¨X UJX &�QTU¨X FZP¦OJX UQZ 53� TUQ CP¦RUZIOC UQZ %E5�

TUQ ¦RGKSQ� UCZU©[GUCK OG UJP UKO¨ UQZ %& � 5UJP RGS©RUWTJ ¯RCSLJX RQNZWPZOKMQ¯

O§SQZX TUJ TGKS¦ CZU¨� QK TZPUGNGTU§X UWP RQNZWPZOKM­P ¬SWP GMHS¦[QZP UKO§X UQZ

%& IKC & ' fc��c�2c � � �� 6Q IGIQP¬X CZU¬ ORQSG© MCUC §PC O§SQX PC GSOJPGZVG©

CR¬ UQP CPCOGP¬OGPQ OJ�CKUKCU¬ YCSCMU¨SC UQZ TZTU¨OCUQX� 3CS¬NC CZU¦ OKC RKQ

RSQTGMUKM¨ OGN§UJ TUQ RGF©Q UQZ YS¬PQZ CRQFGKMP¯GK ¬UK Q OJ�CKUKCU¬X YCSCMU¨SCX

ORQSG© PC GMHSCTUG© O§TC CR¬ TZPV¨MGX TZODCU¬UJUCX UWP CSYKM­P UKO­P TUQ & ' f

MCK O¬PQ� (L¦NNQZ TG YSQPKM¦ COGU¦DNJUC TZTU¨OCUC J GRKNQI¨ UQZ YS¬PQZ OJFGP

G©PCK CZVC©SGUJ MCK I©PGUCK MCU¦ T¯ODCTJ� WX UQ TJOG©Q UQZ YS¬PQZ CR¬ UQ QRQ©Q MCK

OGU¦ OGNGUQ¯OG UJP GL§NKLJ UQZ TZTU¨OCUQX� 2RQKCF¨RQUG CPCHQS¦ TG UKO§X UQZ %&

IKC & ' ��c�2c � � � TUGSG©UCK PQ¨OCUQX� CHQ¯ ZRQU©VGUCK ¬UK ¬NJ J RNJSQHQS©C IKC UQ

RCSGNV¬P UQZ TZTU¨OCUQX TZIMGPUS­PGUCK TUQ %f� 5JOGK­TUG WTU¬TQ ¬UK Q KTYZSKTO¬X

CZU¬X FGP §SYGUCK TG CPU©VGTJ OG UQP OJ�CKUKCU¬ YCSCMU¨SC UQZ TZTU¨OCUQX� CHQ¯ UQ

T¯TUJOC GRKD¦NNGK RGSKQSKTOQ¯X TUJP GRKNQI¨ UQZ %f� 3QN¯ RGSKTT¬UGSC RSQDN¨OCUC

RCSQZTK¦[QPUCK ¬UCP GHCSO¬[QZOG UQP OGUCTYJOCUKTO¬ ] RGSKQS©[QPUCX UCZU¬YSQPC UQ

YSQPKM¬ FK¦TUJOC CR¬ UQ ]n TG M¦RQKQ RGRGSCTO§PQ ZRQT¯PQNQ UQZ�

$L©[GK PC TJOGK­TQZOG ¬UK CPU©VGUC OG UC RCSCR¦PW RQZ KTY¯QZP TUQ FKCMSKU¬ YS¬PQ�

J OGN§UJ KFKC[¬PUWP TZTUJO¦UWP TUQ RGF©Q UJX TZYP¬UJUCX GHCSO¬TUJMG OG OGI¦NJ

GRKUZY©C TUQ TZPGY¨ YS¬PQ� 3§SC CR¬ UJ YS¨TJ UQZ OGUCTYJOCUKTOQ¯ LaplaceWX

GSICNG©Q IKC UJP OGUCUSQR¨ FKCHQSKM­P GLKT­TGWP TG CNIGDSKM§X� Q OGUCTYJOCUKTO¬X

GSOJPG¯GK OG OGI¦NJ GRKUZY©C KFK¦[QPUC RSQDN¨OCUC TZPGYQ¯X YS¬PQZ� 6C TZTU¨OCUC

CZU¦ GOHCP©[QZP TUJP TZORGSKHQS¦ UQZX UKX NGI¬OGPGX MSQZTUKM§X N¯TGKX� QK QRQ©GX

G©PCK ISCOOKMQ© TZPFZCTOQ© UJX IGPKMGZO§PJX TZP¦SUJTJX �MCUCPQO¨X� BE|� UQZ Dirac

MCK UWP RCSCI­IWP UJX� + IGPKMGZO§PJ TZP¦SUJTJ BE|�c GORGKSKM¦ GMHS¦[GK OKC RQN¯

IS¨IQSJ CKYO¨ T¨OCUQX OG ¯EQX RQZ UG©PGK TUQ ¦RGKSQ MCK RN¦UQX RQZ UG©PGK TUQ OJF§P MCK

���
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GOHCP©[GUCK TG KFK¦[QPUC TZTU¨OCUC ¬UCP RCSCIWI©[QPUCK �OG OKC IGPKMGZO§PJ §PPQKC�

CTZPGY¨ T¨OCUC� 5UJP RS¦LJ IKC OKC RN¨SJ UGMOJS©WTJ UWP IGPKMGZO§PWP TZPCSU¨TGWP

MCK UWP RCSCI­IWP CTZPGY­P TZPCSU¨TGWP� CRCKUG©UCK Q MN¦FQX UWP OCVJOCUKM­P RQZ

G©PCK IPWTU¬X WX NQIKTO¬X UWP MCUCPQO­P� 6C KFK¦[QPUC TZTU¨OCUC TZPGYQ¯X YS¬PQZ

RCSQZTK¦[QZP MSQZTUKM¨ TZORGSKHQS¦ ¬UCP QK CSYKM§X TZPV¨MGX FGP G©PCK TZODKDCTU§X

OG UQ T¯TUJOC� 2K MSQZTUKM§X TZPCSU¨TGKX G©PCK UQ O§TQ IKC UJP RQN¯ IS¨IQSJ OGU¦DCTJ

UJX �EGZFQ� MCU¦TUCTJX CR¬ UJP OJ TZODKDCTU¨ UKO¨ %Ef�� TUJP QOCN¨ UQZ GL§NKLJ�

FJN� TUJP %Efn� MCK OGU¦� $PU©VGUC OG UC TZTU¨OCUC FKCMSKUQ¯ YS¬PQZ HC©PGUCK

¬UK UC TZTU¨OCUC TZPGYQ¯X YS¬PQZ §YQZP UQP US¬RQ PC 

FKQSV­PQZP

 UKX OJ�QOCN§X

MCUCTU¦TGKX� OGUCRJF­PUCX RQN¯ IS¨IQSC TUJP QOCN¨ UQZX NGKUQZSI©C� 0G CZU¬ UQP

US¬RQ CPCKSQ¯PUCK QK GRKRU­TGKX RQZ VC G©YG TUJP CKUK¬UJUC UQZ TZTU¨OCUQX J RKVCP¨

¯RCSLJ OJ CRQFGMU­P CSYKM­P TZPVJM­P� 2 OGUCTYJOCUKTO¬X Laplace�GKFKM¬UGSC Q

NGI¬OGPQX O3� CRQFGKMP¯GUCK TZODCU¬X OG CZUQ¯ UQZ G©FQZX UKX MCUCTU¦TGKX� CHQ¯ UC

RQNZWPZOKM¦ O§SJ UQZ CPCRU¯IOCUQX UQZ %Er� �¬RQZ %Er� ' Oi%E|�j� TUQ ¦RGKSQ�

GMHS¦[QZP CMSKD­X UKX CPU©TUQKYGX MSQZTUKM§X TZPCSU¨TGKX TUQ RGF©Q UQZ YS¬PQZ�

0G D¦TJ UC RCSCR¦PW G©PCK HCPGS¬ ¬UK J OJ�CKUKCU¨ TZORGSKHQS¦ G©PCK FGFQO§PJ TG

§PC KFK¦[QP T¯TUJOC FKCMSKUQ¯� 5UJP RCSQ¯TC GSICT©C RSQTRCV¨TCOG PC GRGMUG©PQZOG

IPWTU¦ CRQUGN§TOCUC CR¬ UJP ZR¦SYQZTC VGWS©C TZTUJO¦UWP FKCMSKUQ¯ YS¬PQZ

IKC MCPQPKM§X RGSKISCHKM§X OQSH§X� FJNCF¨ TZTU¨OCUC RS­UQZ DCVOQ¯� 6C P§C

CRQUGN§TOCUC RQZ RCSQZTK¦[QPUCK TUC MGH¦NCKC ��� MCK � MKPQ¯PUCK TUJ NQIKM¨ UQZ

GPUQRKTOQ¯ UQZ Y­SQZ N¯TGWP TZPVGU¬UGSWP OQSH­P KFKC[¬PUWP TZTUJO¦UWP� +

RSQT§IIKTJ RQZ CMQNQZV¨VJMG G©PCK TYGF¬P MCVCS¦ CNIGDSKM¨� GP­ KFKC©UGSQ D¦SQX

F¬VJMG TUQ TZTYGUKTO¬ UWP FQOKM­P CPCNNQ©WUWP UWP RKP¦MWP RQZ RGSKIS¦HQZP UC

TZTU¨OCUC� OG UJP FZPCOKM¨ UQZX GSOJPG©C�

(KFKM¬UGSC TUQ MGH¦NCKQ � IGPKMG¯GUCK J DCTKM¨ CP¦NZTJ QOQIGP­P RGSKISCHKM­P

TZTUJO¦UWP TUJP OJ�MCPQPKM¨ RGS©RUWTJ� (RKISCOOCUKM¦ UC MZSK¬UGSC CRQUGN§TOCUC

RQZ RCSQZTK¦[QPUCK TUQ MGH¦NCKQ CZU¬ G©PCK UC GL¨X�

� (R§MUCTJ UWP GPPQK­P UJX GRKNZTKO¬UJUCX MCK TZPVJMQNQIJTKO¬UJUCX MCK TZTY§UKTJ

UQZX OG UJP FQO¨ GNCY©TUWP �Kronecker� FGKMU­P UQZ RSWUQD¦VOKQZ RQNZWPZOKMQ¯

R©PCMC�
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R©PCMC�
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RCS¦TUCTJX� (KFKM¬UGSC�
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G©PCK IPWTU¦ ­X CZUQRCNN©PFSQOGX RCSCTU¦TGKX MKPQ¯OGPQZ O§TQZ �ARMA models�� 6C

FK¦HQSC G©FJ N¯TJX RQZ RCSQZTK¦TUJMCP TZPQE©[QPUCK RCSCM¦UW�

� 3SQX UC GORS¬X N¯TJ�

� 3SQX UC R©TW N¯TJ�

� 5ZOOGUSKM¨ N¯TJ�
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� 3CSCNNCI§X UWP RCSCR¦PW OG CPCFSQOKM¬UJUC RSQX OKC MCUG¯VZPTJ�
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YS¬PQZ G©PCK R¦SC RQNN¦ MCK T©IQZSC TU¬YQX UJX RCSQ¯TCX FKCUSKD¨X FGP G©PCK PC NZVQ¯P

¬NC� (L¦NNQZ UQ CPUKMG©OGPQ UJX RCSQ¯TCX OGN§UJX G©PCK J DCTKM¨ CNIGDSKM¨ CP¦NZTJ

UWP Y­SWP N¯TGWP UWP TZTUJO¦UWP CZU­P� (PFGKMUKM¦ RSQDN¨OCUC RQZ VC ORQSQ¯TCP
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,�� 6[ROLDVP¨Z ELEOLRJUDI¥DZ

6Q OCVJOCUKM¬ ZR¬DCVSQ RQZ RCSQZTK¦[GUCK TUQ MGH¦NCKQ � RSQ§SYGUCK CR¬ UKX =�? � =��?

� =�? � =��? � =��? � =��? � =��? � =��? � (KFKM¬UGSC QK =��? � =��? CRQU§NGTCP UJP CPCHQS¦

IKC UKX DCTKM§X CNIGDSKM§X §PPQKGX MCK UJ ISCOOKM¨ ¦NIGDSC� 6C TUQKYG©C UJX VGWS©CX

RKP¦MWP RQZ RCSQZTK¦TUJMCP RSQ§SYQPUCK CR¬ UKX =�? � =��? � =�? � GP­ UC TUQKYG©C UJX

VGWS©CX RQNZWPZOKM­P MCK SJU­P RKP¦MWP CR¬ UKX =��? � =��? � =��? �

+ VGWS©C MCPQPKM­P RSWUQD¦VOKWP TZTUJO¦UWP FKCMSKUQ¯ YS¬PQZ RGSK§YGUCK TUKX =��?

� =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��?

� =��? � =��? � =��? � =��? � .¯SKQ M©PJUSQ IKC UJP RCSQ¯TC §SGZPC CRQU§NGTCP QK =��? �

=��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? ¬RQZ CPCRU¯YVJMCP QK

FK¦HQSQK O§VQFQK CP¦NZTJX MCPQPKM­P RSWUQD¦VOKWP TZTUJO¦UWP RQZ RCSQZTK¦[QPUCK

TUQ FG¯UGSQ MGH¦NCKQ� (KFKM¬UGSC TUKX =��? � =��? � =��? � =��? VGOGNK­PQPUCK QK §PPQKGX

UJX GRKNZTKO¬UJUCX� TZPVJMQNQIJTKO¬UJUCX MCK TZPQSKCM¨X CRGKM¬PKTJX MCV­X MCK QK

CPCFSQOKM§X O§VQFQK GR©NZTJX UWP GLKT­TGWP� GP­ RCS¦NNJNC TUKX =��? � =��? � =��? �
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=��? � =��? � =��? � =��? I©PGUCK OKC RKQ TZTUJOCUKM¨ TZTY§UKTJ UWP N¯TGWP OG UC FQOKM¦

CPCNNQ©WUC UQZ R©PCMC j. ���

2K CPCHQS§X RQZ RGSK§YQPUCK TUQ MGH¦NCKQ � G©PCK QK =�? � =��? � =��? � =��? � =��? � =��?

� =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � 6C CRQUGN§TOCUC UQZ MGHCNC©QZ

RSQ§SYQPUCK DCTKM¦ CR¬ UJP GSICT©C =�? � $L©[GK PC TJOGK­TQZOG UQ TJOCPUKM¬ S¬NQ

UWP GSICTK­P =��? � =��? TUC CRQUGN§TOCUC UQZ MGHCNC©QZ CZUQ¯� 6C CRQUGN§TOCUC UJX

RS­UJX DQ¨VJTCP TUQP MCVQSKTO¬ UJX FK¦TUCTJX UQZ Y­SQZ N¯TGWP RJN©MQ GP­ CZU¦

UJX FG¯UGSJX CRQU§NGTCP TJOG©Q CHGUJS©CX IKC UJP §SGZPC OCX�

5UQ MGH¦NCKQ � RCSQZTK¦[QPUCK CPCHQS§X TUKX GSICT©GX =�? � =�? � =�? � =��? � =��? �

=��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � =��? � 6Q MGH¦NCKQ CZU¬

G©PCK TUJP QZT©C OKC GR§MUCTJ UWP CRQUGNGTO¦UWP UJX =�? � ¨ UJX =�? �� 5UJP GP

N¬IW GSICT©C RCSQZTK¦TUJMCP ¬NC UC CRQUGN§TOCUC RQZ CHQSQ¯P UJ TZORGSKHQS¦

UWP CZUQRCNN©PFSQOWP RCSCTU¦TGWP� 6C CRQUGN§TOCUC CZU¦ GRGMU¦VJMCP OG UJP

RSQTR¦VGKC GPUQRKTOQ¯ OKCX KTQF¯PCOJX RGSKISCHKM¨X OQSH¨X TUJP RCS¦ISCHQ ����

$L©[GK PC TJOGK­TQZOG ¬UK J O§VQFQX UJX RCSCIS¦HQZ ��� FGP §YGK RSQJIQZO§PWX

FJOQTKGZVG©�

5UQ R§ORUQ MGH¦NCKQ CPCH§SQPUCK QK =�? � =�? � =��? � =��? � =��? � =��? � =��? � =��? � =��? �

=��? � =��? � =��? � =��? � =��? � .¯SKQ ¦LQPC UQZ MGHCNC©QZ CRQUGNG© J GSICT©C =�? �¨ J

=�? J QRQ©C §YGK I©PGK FGMU¨ IKC FJOQT©GZTJ� ¬RQZ RCSQZTK¦TUJMG J O§VQFQX N¯TJX UJX

ARMA GL©TWTJX OG UJ YS¨TJ UQZ VGOGNK­FQZX R©PCMC� + DCTKM¨ KF§C UJX N¯TJX OG UJ

YS¨TJ VGOGNK­FJ R©PCMC RSQ§SYGUCK CR¬ UKX =��? � =��? ¬RQZ J O§VQFQX GHCSO¬TUJMG

IKC TZTU¨OCUC RS­UQZ DCVOQ¯�
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