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1. Introduction

The Moore-Penrose inverse has originally been defined by Penrose [21],
while later Decell [4] proposed a Leverrier-Faddeev algorithm for its
computation. An extension of this algorithm to the one and two-variable
polynomial matrices has been proposed by [12], [16], [17], [18]. A Leverrier-
Faddeev algorithm has also been proposed by Grevile [9] for the compu-
tation of the Drazin inverse of square constant matrices with extensions
to the one-variable polynomial matrices by [15], [23].

The Leverrier algorithms have the advantage that are easily imple-
mented in symbolic programming languages like Mathematica, Maple
etc. However, their main disadvantage, is their complexity. In order to
overcome these difficulties we may use other techniques such as interpo-
lation methods. Schuster and Hippe [22] for example, use interpolation
techniques in order to find the inverse of a polynomial matrix. The
speed of interpolation algorithms can be increased by using Discrete
Fourier Transforms (DFT) techniques or better Fast Fourier Trans-
forms (FFT). Some of the advantages of the DFT based algorithms
are that there are very efficient algorithms available both in software
and hardware and that they are greatly benefitted by the existence of
a parallel environment (through symmetric multiprocessing or other
techniques).
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During the past two decades there has been extensive use of DFT -
based algorithms, due to their computational speed and accuracy. Some
remarkable examples, but not the only ones of the use of DFT in linear
algebra problems, are the calculation of the determinantal polynomial
by [20], the computation of the transfer function of generalized n-
dimensional systems by [13] and the solutions of polynomial matrix
Diophantine equations by [11].

Interest in these two specific inverses stems from their application
in inverse systems, solution of AutoRegressive Moving Average repre-
sentations [10], solution of Diophantine equations which gives rise to
numerous applications to the field of control system synthesis (see for
example [16] and its references) and in the study of multidimensional
filters which find numerous applications in image processing, electrical
networks with variable elements etc. Note that in case of square and
nonsingular matrices, both inverses coincide with the known inverse of
the matrix. Therefore fast computation of these special inverses is also
useful to applications where the usual inverse of a matrix is required
such as the computation of the transfer function of a matrix ([1], [13]).

The main purpose of this work is to present a DFT-algorithm for
the evaluation of the Moore-Penrose and the Drazin inverse of a multi-
variable polynomial matrix. More specifically in section 2 we attempt a
brief review of the notions of multidimensional DFT and interpolation,
while later in section 3 and 4 we propose two new DFT algorithms
for the evaluation of the Moore-Penrose and Drazin inverse respec-
tively of a polynomial matrix in n indeterminates. In the last section
the efficiency of the algorithms is illustrated via random generated
examples.

2. Preliminaries

Let R be the set of real numbers, RP*™ be the set of p x m real matrices,

R[z1, 22, ..., 2] (respectively. R(z1, 22, ..., 2,)) denotes the polynomials
(resp. rational expressions) with real coefficients in the n indeterminates

21, 22, .-y Zn. The p X m matrices with elements in R|z1, 22, ..., 2] (resp.
R(z1, 22, ..., z,)) are denoted by R[z1, 22, ..., 2, |P*™ (resp. R(21, 22, ..., 2 )P*™).
By I, we denote the identity matrix of dimensions p, and by 0, ,, the
pxm zero matrix. Consider the polynomial matrix with real coefficients

in the n indeterminates z1, 22, ..., 2z, (called nD polynomial matrix)

My Mo My,

Az1, ... 2n) = Z Z Z (Aklkn)x(zflzﬁ") ER[z1,..., 2, )07

k1=0k2=0 kn=0
(1)
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with Ag,. x, € RP*™. For brevity and when the variables are obvious,
we will use the notation Z instead of (z1, 22, ..., 2, ) . By A (21, 22, ..., zn)D
(resp. A(z1, 22, ...,2n) ") we denote the Drazin (resp. Moore-Penrose)
inverse of A (z1, 22, ..., 2, ). For the sake of completeness, the next sub-
sections will provide a brief description of interpolation and DFT.

2.1. nD POLYNOMIAL INTERPOLATION

Evaluation-interpolation techniques proved to be a valuable tool for
several algebraic computations especially when handling polynomials
and polynomial matrices. Consider an nD polynomial matrix A(Z) as
in (1). Assume that we need to compute the value of f(A) where f in
our case is a polynomial function. The evaluation-interpolation method
of computing f(A(Z)) is based on the following steps.

— Step 1 Evaluation of the polynomial (matrix) at a set of R =

n

I1 (deg., (f(A(2))) + 1) suitably chosen points Z;,i = 1,2,..., R.
i=1
This step results in a set of constant matrices A(z;),7 =1,2,..., R.

— Step 2 Application of the function f on the set of constant ma-
trices A(z;),i = 1,2, ..., R derived from step 1.

— Step 3 Computation of the coefficients of the polynomial matrix
f(A(Z)) by using one of the known interpolation methods such as
: a) the direct approach using Vandermonde’s matrix, b) Newton’s
interpolation, ¢) Lagrange’s interpolation.

The efficiency of the above procedure in terms of speed and storage
can be vastly improved by choosing appropriate algorithms in each
step.

EXAMPLE 1. Consider the one variable polynomial matriz

16)=|7 ]

We are interested to compute the value of f(A(z)) where

flz) =a?

Step 1. Since the degree of f(A(z)) is at most equal to 2, we have that
R = (2+ 1) = 3. Therefore we evaluate the polynomial matriz A(z) at
a set of 3 points ie zg = 0,21 = 1,20 = 2.

o= (23w [} o[
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Step 2. Applying the function f on the above set of constant matrices
we get

f (A(z0)) = H ﬂ (A=) = [3 g} L f (Alz)) = [Z g]

Step 3. We compute the coefficients of the polynomial matriz f(A(z1))
by using the Lagrange interpolation method.

[ (A(20))
flA(2)) = {[ Lo(2) Li(z) L2(2) | ® Iz} | f(A(21))
[ (A(22))
where )
11z 2)
L;(z :L,izo,l,Z
(2) G2
k=0
ki

In our case
Lo(2) = %(z S )(2— 2 La(2) = —2(x — 2); Ln(z) = %z(z )

and

2.2. nD DFT

Multidimensional Fourier transforms arise very frequently in many sci-
entific fields such as image processing, statistics etc. Let us now present

the strict definition of a DF'T pair. Consider the finite sequence X (K1, ..., ky)
and X (r1,...,7), ki, 7 = 0,1, ..., M;. In order for the sequence X (ky, ..., k)
and X(ry,...,7r,) to constitute a DFT pair the following relations
should hold [6] :

X(ry,. i i Z X(kp,. .. k)W oy ks
=0k2=0 kn=0
2
. (2)
X (Ky, .. Z > Z X(r1, o) WP W (3)

r1 =0172=0 rn=0
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where

27rz'
W; = eMitl Vi =1,23,...,n (4)
R = [[(Mi+1) (5)
=1

and X, X are discrete argument matrix-valued functions, with dimen-
sions p x m. The complex numbers W; defined in (4) are otherwise
called Fourier points. Relation (2) is the forward Fourier transform of
X (k1,...,kpn) while (3) the inverse Fourier transform of X (ry,...,ry).

2.3. COMPUTATIONAL COMPLEXITY AND FFT

The FFT appeared in the literature in [3], although Gauss had actually
described FFT’s critical steps as early as 1805. The great advantage
of FFT methods is their reduced complexity. The complexity of 1D
DFT on a matrix M € R is an O(R?), while the FFT has a
complexity of O(RlogR). Similarly, the complexity of the DFT of a

n

multidimensional matrix M € R"™>*™Mn jg O (H m? | which using
i=1

FFT reduces to O ((H mi> (Z log ml> ) . The inverse DFT is of the
i=1 i=1

same complexity as the forward one. A very fast free implementation
of FFT can be found in [7]. An analysis of the floating point errors
in the determination of the Fourier coefficients can be found in [2],
[14]. Also due to the great popularity of the FFT, there are several
implementations that take into account the particular features of the
host machine such as cache, storage, pipelining etc.

2.4. POLYNOMIAL INTERPOLATION AND DFT

Let us now focus on the main problem, which is the connection of
interpolation techniques and DF'T. Let us now investigate the efficiency
of steps 1 to 3 of the evaluation-interpolation algorithm presented in
section 2.1. In step 2 a suitable algorithm computing f(A(z;)) where
A(%;) are constant matrices, must be chosen. The critical points of the
algorithm are steps 1 and 3. By using as evaluation points in step 1
Fourier points, the evaluation of the polynomial matrix is equivalent to
the DF'T of the multidimensional matrix of its coefficients. If we need to
evaluate the polynomial matrix in more than R points, we should pad
the coefficient matrix by zeros and afterwords apply DFT. Then step 3
becomes an inverse DFT problem. By using DF'T techniques of better
FFT techniques, the speed of the algorithm improves dramatically.
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The importance of FFT in the computational efficiency of algebraic
algorithms is stressed in [2], [19].

3. Moore-Penrose Inverse of a Multivariable Polynomial
Matrix

The Moore-Penrose generalized inverse of a constant matrix was defined
by Penrose in [21].

DEFINITION 1. [21] For every matriz A € RP*™, a unique matriz
AT € R™*P which is called (Moore-Penrose) generalized inverse, exists
satisfying

(i) AATA=A

(i1) ATAAT = AT

(iii) (AAN)T = 44+

(iv) (ATA) = ATA

where AT denotes the transpose of A. In the special case that the
matriz A is square nonsingular matriz, the Moore-Penrose generalized
inverse of A is simply its inverse i.e. At = AL,

Consider a possibly non square nD polynomial matrix with real
coefficients as in (1). In an analogous way we define the Moore-Penrose
generalized inverse A(z1,...,2,)" € R(21,...,2,)™" " of the polyno-
mial matrix A(z1,...,2,) € Rlz1,...,2,]P™ defined in (1) as the
matrix which satisfies the properties (i)-(iv) of Definition (1). Following
the steps of [17] we have

THEOREM 1. Let A(Z) = A(21,...,2n) € R[21,...,2,)P"™ as in (1)
and
a(s, 21, ..., zn) = det [Sfp - A(z)A(z)T}
= (a0(2)s” + - - - + ap-1(2)s + ap(2))

ao(Z) = 1, be the characteristic polynomial of A(2) x A(2)T. Let k such
that it satisfies a,(Z) = 0, ..., ap4+1(2) = 0 while ay(Z) # 0, and define
A = {(2) € C" : ar(z) = 0}. Then the Moore-Penrose generalized
inverse A(zZ)t of A(z) for z € C" — A is given by

(6)

A = ——— A B (3) (7)
ax(2)
Bia(2) = a0(2) [A@A@] 4t aa@h )

If k = 0 is the largest integer such that ay(z) # 0, then A(z)* = 0. For
those Z € A we can use the same algorithm again.
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Proof. The theorem is can be proved following the same steps as in
the proof of the corresponding theorem about constant matrices in [4].
[

REMARK 1. The algorithm described in Theorem 1 is efficient using
symbolic programming languages. Its main advantages are

1) It consists of simple recursions.

2) No matriz inversion is required.

3)In the case that p > m we can compute the transpose B(z) = A(2)T
and then compute A(zZ)T = [B(Z)*]T in order to reduce the complexity
of the algorithm.

In the following we will propose a new algorithm for the calculation
of the Moore-Penrose generalized inverse using interpolation and dis-
crete Fourier transforms. It is easily seen from (6), that the greatest
powers of the (n + 1) variables in a(s, 21, ..., z,) are

deg, (a(s,21,...,2n)) =p:=by
deg,, (a(s,21,...,2n)) < 2pMy := by
deg, (a(s,z1,...,2,)) < 2pM, := b,
Thus, the polynomial a(s, z1, ..., z,) can be written as

bo b1
a(sazlu”’v Z Z Z a’kokl kn, (S zlflzgn) (10>

=0k1=0 kn=0

and can be numerically computed via interpolation using the following
R; points

wi(rj) =W, 7;i=0,...,nand r; = 0,1, ..., b;

‘ 2nj (11)
W; = ebitl
where .
Ry =]J®:i+1) (12)
i=0

In order, to evaluate the coefficients ay,p, ..k, define

rory..rn = det [uo(ro) I, — A(ua(r1), ..., un(ra)) [A(ua (1), ..., un(ra))])” |
(13)
From (10), (11), (13) we get

bo b

&rorl...rn Z Z Z Aloly ..l ( 0 rolo s Wn_rnln> (14>

lo=01;=0 ln=0
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Notice that [ajyr;..1,] and [@rr,..r,] form a DFT pair and thus using
(3) we derive the coefficients of (10) i.e.

bp b1 l l
T T
Qlgly..dy = E E g Qrory ..o Woo0 . . Wi
ro =0r1= rn=0

where [; = 0,...,b;. After evaluating k as in theorem 1, C'(2) has to be
computed. The greatest powers of z; in

C(z) = A(2)"By_1(2) =

AT (ao(Z) A@AET T 4t akl(Z)Ip) (15)

is
n; = max{2(k — 1 )M; + M;,k=1,...,p} = (2p — 1) M; (16)
for i =1,...,n. Then C(Z) can be written as
ni Tin
cE=3...3 Cyu, (zgl . -zﬁy) (17)
1L1=0  1,=0

We compute C(Z) via interpolation using the following Ry points

u;(r;) =W, 7;i=1,...,n and rj=0,1,..,n;

' amg (18)
I/I/'i = enitl
where
Ry =[] {(2p—1)M;+1} (19)
=1

To evaluate the coefficients Cj,...;, define

érr--m = C(ui(r1), ... un(ry)) (20)

Using (18) and (19), equation number (20) becomes

r1l —Tpln
T1 T Z Z Clo anI v Wnr

11=0 1,=0
which through (3)
1
Clo-- Iy = R Z Orl Tn Tlll L W;Z"nln
2 11=0 =0

inverses91.tex; 29/09/2003; 15:43; p.8



9

where [; = 0,...,n;. Finally the Moore-Penrose generalized inverse
is computed via (7). Having in mind the above theoretical consider-
ations, we will continue by describing the algorithm as a pure guide
for computation. The multivariable polynomial matrix A(Z) in (1) is
assumed to be internally represented by a multidimensional matrix
A e R MiA1)xx(Mut1)xpxm whogse elements A (kq, . .., kn, %) € RPX™
are the coefficient matrices of zlfl ...z and 0 < k; < M. In the
following we will refer to such matrices using the terminology ”A €

RMADXX(Mnt1) with elements A (ki, ..., kn,) € RP*™ . The above
multidimensional matrix is given as the input to the algorithm. Note
that for the sake of clarity, in the algorithm we use different symbols
for every matrix computed.

Algorithm 1. (Evaluation of the Moore-Penrose inverse)

1. Evaluate (10)

a) Calculate the number of interpolation points b; by (9)
b) Define B € R 2X(Mi41)xx(Mn+1) 1,

A(ki,... k) i=0
0p><m 7/:].

B(z’,kl,...,kn):{

where
B(i,ky,... k) € RPX™

The above procedure adds another dimension in A correspond-
ing to the new variable s. Pad B by zeros until it reaches
dimensions (bg + 1) x (by +1) x -+ x (b, + 1).

¢) Compute the multidimensional FFT transform of B and store
it in BF.

d) Define Cp € Clo+1)x(brt1)x-x(bat1) 1y
Cr (iyk1, ... kn) = Br (i,k1,. .., ky) (Br (i, k1, ... kn))T € CP¥P

¢) Define 8 € R(Co+D)x(br+1)x-x(bnt1) 4q

I, (i,ki,....kn) =(1,0,...,0)
k 1,0

S(Z,kl,,kn) == { Opxp (i,kly-'w n) 7é ( s 7...,0)

where
S(i,k1,...,ky) € RPXP

f) Compute the multidimensional FFT transform of S and store
it in SF.
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g) Compute Dp = Cp—SF.

h) Calculate the determinants of Dp (i, k1, . . ., kn ), which result in
a multidimensional matrix £p € Clo+1)x(br+1)xx(bn+1) (with
elements in C.

i) Use the IFFT on & resulting in the matrix £ which corresponds
to the coefficients of (10).

2. Evaluate ay(z)

a) Since (i, k1, ..., k) correspond to the coefficients of 'z} ki 2kn,
find (using a for loop) k st. £(k,*) # 0 and £(i, %) = 0, 0 S i<
k.

3. Evaluate C(z) = A(2)" B;,_1(2)

a) Calculate the number of interpolation points n; by (16).

b) Define G by padding A by zeros until it reaches dimensions
(n1+1) x--- X (ny+1).

¢) Compute the multidimensional FFT transform of G and store
it in QF

d) Define ‘H by padding £ with zeros until it reaches dimensions
(n1+1) x--- X (ny+1).

e) Compute the multidimensional FFT transform of H and store
it in Hp.

f) Compute (15) for each constant matrix in Gp. The result is
JIp € Clmt1)xx(nn+1) The elements of Jp are in C™*P. This

step can be accomplished using the Horner’s rule, which results
in faster and more stable calculations.

g) Use the IFFT on Jr to compute the coefficients of (15) and
store them in J.

4. Return numerator and denominator of the Moore-Penrose
inverse

a) Return Jr and £(k, ).

In the following the complexity of each step of the algorithm that
is considered CPU intensive is presented. The symbols R; and Rs
are defined respectively in (12) and (19). We introduce the following
notation

Zlogb +1), Ly = Zlog n; +1)
1=0 =1
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| Step No | Complexity | Step No | Complexity |
| 1c | O (pmRyLy) | 1 | O(RLy) |
| 1d | O (p*(2m — 1)Ry) | 3¢ | O (pmRyLy) |
| 1f | O (P*RyLy) | 3¢ | O(ReLy) |
| 1g | O (R | 3 | O (kp*Ro) |
| 1h | 0 (PR | 32 | O (pmRyLy) |

Denote by R = max {Rl, Ry} and by L = max{Lj, Ly} . Having in
mind that p < m, since otherwise we would use the transpose of the
matrix A(Z), (see remark 1) and that £k = p (worst case scenario), the
total complexity of the algorithm is of the order O (mp3RL).

4. Drazin Inverse of a Multivariable Polynomial Matrix

The Drazin inverse of a constant matrix was defined by Drazin in [5].

DEFINITION 2. For every matriz A € R™*™ there exists a unique
matriz AP € R™ ™ which is called Drazin inverse, satisfying

(i) APAR+L = AF for k = ind(A) = min(k € N : rank (Ak) =
rank <Ak+1>)

(ii) APAAP = AP

(iii) AAP = AP A

In the special case that the matriz A is square and nonsingular
matriz, the Drazin inverse of A is simply its inverse i.e. AP = AL

In an analogous way we define the Drazin inverse of polynomial
matrix A(z1,...,2n) € Rlz1,...,2,)""™ defined in (1) as the matrix
which satisfies the properties of Definition (2). The following theorem
proposes a new algorithm for the computation of the Drazin inverse of
an nD polynomial matrix, which generalizes the results in [23].

THEOREM 2. Consider a nonregular nD polynomial matriz A(Z).
Assume that
a(s,z1,...,2y) = det[sl,, — A(2)

]
— (ap(2)s™ 4 - + a1 (2)5 + am(2)) (21)

where
ap(z) =1,2€C
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is the characteristic polynomial of A(Z). Also, consider the following
sequence of m X m polynomial matrices

Bj(2) = ag(2)A(Z)? + - - aj—1(2)A(Z) + a;(Z) I,

w(x) =1,j=0,....m (22)
Let
am(2) =0,...,a141(2) = 0,a4(2) # 0. (23)
Define the following set:
A= {Zi e C": at(il-) = 0}
Also, assume that
Bm(z);;Br(z) = 07Br—1(2) #0 (24)

and k =r —t. In the case Z € C" — A and k > 0, the Drazin inverse of

A(Z2) is given by

14(2)k13t,1(2)k+1
at(g)kJrl

Bi_1(2) = ag(2)A(2)" "t ++ -+ ar—a(2) A(3) + ar—1(2) I,

A(z)P = (25)

In the case 2 € C" — A and k =0, we get A(Z)P = O.
For z; € A we can use the same algorithm again.

Proof. The proof uses the same logic as the one in [23]. For the sake
of brevity the interested reader is advised to study [23]. W

A useful test to check whether a multivariable polynomial matrix is
zero, is described by the following lemma.

LEMMA 3. A polynomial matriz

B(z1,...,2n) €ER[z1,..., 2,) ™" (26)
of degrees q; in respect with variables z;,1 = 1,...,n, is the zero poly-
nomial matriz iff its values at R = 12[((]Z + 1) distinct points are the
zero matriz. Note that in practice it ii:sonecessary to check whether the

values at those distinct points are all smaller in absolute value than €,
where € should be close to the machine numerical precision.

In the following we suggest a computationally attractive algorithm
for the calculation of Drazin inverses based on interpolation techniques
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and DFT. It is easily seen from (21), that the greatest powers of the

(n+ 1) variables in a(s, z1, . .., z,) are
deg, (a(s,z1,...,2n)) =m:=by
deg,, (a(s,z1,... ,zn)) <mM; :=b; @)
deg, (a(s,z1,... ,zn)) < mbM,, = by,
So the polynomial a(s, 21, ..., 2,) can be written as
bo b1

CL(S,Zl,..., Z Z Z Aok .. kn, (ko Zi”) (28)

=0k1=0 kn=0

and can be numerically computed via interpolation using the following
R points

wi(rj) =W, 7;i=0,...,nand r; = 0,1,..., b;

v o) ’ (29)
W; = ebifl
where .
Ry =[]0+ 1) (30)
=0

To evaluate the coefficients ay,k, ..k, define

rory..m, = det [ug(ro)lp — A(ui(r1),. .., un(rn))] (31)
From (28), (29), (31) we get
bo b1

arorl...rn Z Z Z Aloly... 1y, ( _rOlO ’W;Tnln> (32>

lo=011=0 =0

Notice that [ajor,..1,] and [@rgry...r,] form a DEFT pair and thus using
the above equation and (3) the coefficients of (28) are

O 1
alyly..0, = Z Z Z Girgry..r W3O . W (33)

7‘0 07‘1 0 rn—O

where I; = 0,...,b;. Following the lines of theorem 2, the evaluation
of a;(2) as in (23) is straightforward. Consider the polynomial matrix
Bi(z) in (22). We need to evaluate r such that (24) holds. To check
whether B;(Z) is the zero matrix using lemma (3),

n
R = HZM +1),i=r—1,...,m (34)
J=0 —
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Fourier interpolation points are needed. After a short loop we determine
the value of r. Afterwards the computation of the numerator of (25)

C(2) = A(2)FB;_1 ()" (35)
is in order. The greatest power of z; in (35) is
n; = (t—1)(k+1)M; (36)

Using (36), C(z) can be written as

ni Nn
C(z) = Z Z Clget,, (Z:lll . Zé”)
11=0 In=0

We compute C(Z) via interpolation using the following Ry points

ui(r;) =W, 7;i= 1,...ﬁnd r;=0,1,..,n (37)
VI/Z' — eniJrl
where .
Ry =[] {(ni+1} (38)
i=1

To evaluate the coefficients Cj,...;, define

Cryor, = Clur(r1), ... un(ry)) (39)
Using (36), (37), (39) becomes

ni N

A —r1l —Tpln

Crrrn =303 Croog, Wi,
11=0 1,=0

which through (3) becomes

1 ni N
Cipet,, = R Z Z CTl...TnW{lll s Wg”l"
251=0  1,=0
where [; = 0,...,n;. Similarly the greatest power of z; appearing in
c(z) = az(2)F1 is
d; = tM;(k + 1) (40)
5o ¢(Z) can be written as
dq dn,
_ kn
c(z) = Z Z (Chy . ko) (zll zy )
E1=0  kn,=0
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and can be numerically computed via interpolation using the following
R3 points

’LLZ‘(’I“]') = W._Tj;i = 1’ .n and rj = ()’ 1’ ’dz

! 2mj (41)
W; = edit?
where .
Ry =]](d:i+1) (42)
i=1
Define

dl dn
Cryorn = 3 e 3 (Chyen) (Wf’"lll .. Wn_rnl") (43)

11=0 In=0

Using the above equation and (3) we have

1 & & ! !
_ ~ T1l1 Tnln
€Ul = SN G, W LW

T1 =0 T‘nZO

where [; = 0,...,d;. After the above, the Drazin inverse can be com-
puted via (25) as
C(z)
c(2)
The main algorithm of the calculation of the Drazin inverse follows. As
in Algorithm 1, we assume that the input is a multidimensional matrix
A € R Mt x(Matl) whose elements A (ki, ..., k,) € R™™ are
the coefficient matrices of 2}' ... 2% and 0 < k; < M;.

Algorithm 2. (Evaluation of the Drazin inverse)

A(z)P =

1. Evaluate (21)

a) Calculate the number of interpolation points b; using (27).
b) Define B € R 2X(Mi+1)xx(Mn+1) 1,

A(ky,... ky) i=0

0m><m 1=1

B(z’,kl,...,kn):{
where
B (i ki, ... ky) € RMX™

The above procedure adds another dimension in A correspond-
ing to the new variable s. Pad B by zeros until it reaches
dimensions (bg + 1) x (by + 1) x «-- X (b, + 1).
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¢) Compute the multidimensional FFT transform of B and store
it in BF.
d) Define S € RboFD)x(br+1)xx(bat1) g

I (3, K1, ...

, k) = (1,0, ...
S (k1. ky) = { Omxm (4, k1, .oy kn) # (1,0, ...,0)

where
S (i, k1,... ky) € R

e) Compute the multidimensional FFT transform of S and store
itin S F-
f) Compute Dy = Br—SF.

g) Calculate the determinants of Dp (i, k1, ..., ky), which results
in a multidimensional matrix Ep € Cot)x(G1+1)xx(bnt1) with
elements in C.

h) Use the IFFT on £ resulting in the matrix £ which corresponds
to the coefficients of (21).

2. Evaluate a;(2)

a) Since £(i, k1, . .., k) correspond to the coefficients of sizfl 2k

find (using a for loop) t st.£(t,*) # 0 and E(i,*) = 0,0 <i <t
3. Find B,_1 #0
— 1=m
Do WHILE (& < ¢)

— Calculate the number of interpolation points m;; as in (34).

— Define C; by padding A by zeros until it reaches dimensions
(mi1+1) X - X (mm+1).

— Compute the multidimensional FFT transform of C; and store
it in Cf'.

— Define D; by padding £ with zeros until it reaches dimensions
(n1+1) x---x (n, +1).

— Compute the multidimensional FFT transform of D; and store
it in DF.

— Compute (22) and store it in &;.

— i=3i—1
— END DO.
r=1
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4. Evaluate (35)

a) Calculate the number of interpolation points n; as in (36).

b) Define G by padding A by zeros until it reaches dimensions
(n1+1) x--- X (ny+1).

¢) Compute the multidimensional FFT transform of G and store
it in Gp.

d) Define ‘H by padding £ with zeros until it reaches dimensions
(n1+1) x---x(ny+1).

e) Compute the multidimensional FFT transform of H and store
it in Hp.

f) Compute (35) using the constant matrices in Gp and Hp. The

result is Jp € Clutl)x—x(mn+l) The elements of Jp are in
Cme'

g) Use the IFFT on Jr to compute the coefficients of (15) and
store it in F.

5. Evaluate a;(2)*+!

a) The coefficients of a;(z) correspond to the multidimensional
matrix E(t,*). Create H by padding F(t,*) with zeros up to
dimension (d; +1) X - -+ X (dy, + 1) where d; are defined in (40).

b) Compute the multidimensional FFT transform of H and store
it in Hp.

c¢) Compute the (k + 1) power of each element in Hp, storing the
results in Zp.

d) Use the IFFT on Zr to compute the coefficients of a;(z)¥*1.
6. Return numerator and denominator of Drazin inverse
a) Return F and 7.

In the following the complexity of each step of the algorithm that
is considered CPU intensive is presented. The symbols Ry, Rg, R3 and
R; are defined respectively in (30),(38),(42) and (34). We introduce the
following notation

Ly :Zlogb—i-l ), Lo = Zlognz—i-l Lg—Zlogd—i—l)

=0 =1 =1
n

fJi = Zlog(mij+1),i:1“—1,...,m
=0
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‘ Step No ‘ Complexity H Step No ‘ Complexity |

lc O (m2*R,Ly) | 3 o ( i m3RZﬁZ> ‘
t=r—1

‘ le ‘ O (m?R1L1) H 4c ‘ O (m?RyLy) |

| 1f | O(m?Ry) || 4d | O(RyLy) |

‘ 1g ‘ O (m3Ry) H 4f ‘ O (km3Ry) |

| 1h | O(RiLy) || 5b5c,5d | O (RsLs) |

Denote by R = max {Rl, Ry, R, RZ-} and by I = max {Ll, Lo, Ls, L} .
Assuming that the worst case (most expensive in computations) is when
k = m, the total complexity of the algorithm is bounded by O (m4RL) .

5. Numerical aspects of the algorithms

In this section some experimental results about the efficiency of the
algorithm on the computation of the Moore-Penrose generalized in-
verse are presented. Similar results hold for the computation of the
Drazin inverse. The algorithms were implemented using Mathematica
4.1. We run some benchmarks on a Pentium III 700Mhz with 128 Mb of
RAM using the default floating point accuracy of Mathematica and the
results clearly showed the advantages of the DFT based approach. In
section 3, we have shown that the complexity of the algorithm depends
on the dimensions and the degree (corresponding to each variable) of
the matrix. Since it is not viable to present in the same graph the CPU
time as a function of three or more variables, we chose to create random
2D polynomial matrices with constant dimensions 3 x 4 and degrees
up to 7, and plot the CPU time as a function of the degrees. The grey
wireframe corresponds to the FFT method, while the black one to the
symbolic one. Note that the polynomials that appeared as elements in
the matrices had almost all their coefficients nonzero.
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Comparison between the CPU time needed for the computation of the
Moore-Penrose generalized inverse using the proposed algorithm
(grey) and the one in Theorem 1 (black)

The benefits of the FFT based algorithm are obvious as the degrees
of the matrices increase. Similar results appear if we choose matrices of
different dimensions or by plotting the CPU time as a function of the
dimensions while keeping the degrees constant. In order to highlight
the complicacy of the Moore-Penrose inverse, note the simple fact that
the denominator polynomial of the Moore-Penrose inverse of a general
3 x 4 2D polynomial matrix with polynomial degrees 3 is of degree 18
having 361 terms, while each of the elements of the numerator is of
degree 15 having 256 terms.

A perturbation analysis of the algorithm follows. Let A(Z) be a
random multidimensional polynomial matrix with integer coefficients.
Denote by d4(z,c) a polynomial matrix of the same dimensions and
degrees as A(z) with coefficients belonging to [-107¢,107¢]. We check

_ [A@+8az )T -AT (),

the relationship between the relative error e, = TAT Gl

2
and the relative error in the data §. = I\fﬂz((zz,)c”)l\ , where || A(Z)]|,, denotes
the 2-norm of the coefficient matrix [Ag..0 -+ App..um,]of A(Z). In

order for the algorithm to be well conditioned, £, must be close to d,.
The following graphs show in natural logarithmic scale the relationship
between e, and ¢, for several values of ¢ between [3, 16].
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Figure 2. Perturbation analysis of the denominator polynomial of the
Moore-Penrose g.i.
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Figure 3. Perturbation analysis of the numerator of the
Moore-Penrose g.i.

In order for the algorithm to be well conditioned the relative error
represented by the red line must be as close as possible to the bisector
(dashed line). The algorithm is very well behaved regarding the com-
putation of the denominator polynomial of the Moore-Penrose inverse.
In the case of the numerator matrix there seem to be some roundoff
errors when the original matrix is perturbed by d4(Zz,c) where ¢ > 12.
This is due to the matrix powers appearing in (15). The application
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of special algorithms such as Horner’s rule for its evaluation, results in
less roundoff errors.

The above procedure was applied for the algorithm concerning the
evaluation of the Drazin inverse with similar results.

6. Conclusions

In this paper two algorithms have been presented for determining the
Moore-Penrose and Drazin inverse of nD) polynomial matrices. The
algorithms are based on the fast Fourier transform and therefore have
the main advantages of speed in contrast to other known algorithms.
The theoretical work is accompanied by a discussion of the efficiency of
the algorithm under small perturbations. Possible applications of the
theory introduced include model matching, the solution of multivariable
Diophantine equations and its application to control system synthesis
problems, the computation of the transfer function matrix of multi-
dimensional systems, the solution of multidimensional AutoRegressive
representations etc. The above mentioned algorithms may be easily
extended in order to determine other kind of inverses such as {2},
{1,2}, {1,2,3} and {1,2,4} inverses of multivariable polynomial matrices
by using the Leverrier-Faddeev algorithms presented in [24].
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